
Matlab Workshop: Discrete and Fast Fourier Transforms (DFT and FFT)
ENGN/PHYS 225 (March 29, 2021)

Forward

The purpose of this workshop is to familiarize you with matlab tools to compute frequency spectra.
Spectral analysis is common to a broad range of problems in physics and engineering–from an-
alyzing mechanical vibrations, to detecting extrasolar planets, to the biomedical domain. The
FFT technique and its inverse can be easily extended to basic data compression algorithms.
We will play with all of these ideas today! We’ll be doing a lot of computing with MATLAB.
Next time in class, we’ll talk about what’s under the hood. You can also check out an ex-
cellent introduction to the discrete fourier transform from chap 9.7 in your textbook: http:

//felderbooks.com/mathmethods/contents/section9.7.pdf.

Workshop Problems

1. ET Phone Home - Finding Extrasolar Planets with the FFT

Figure 1: 2 planets orbit a star. Image credit: universetoday.com

Planets orbit a star in periodic cycles, as summarized by Kepler’s Laws. Planets follow ellip-
tical (not circular) orbits around a star. When the planet is far from the star (apogee), it’s or-
bital velocity is relatively low compared when it is nearer to the star (perigee). There’s a beau-
tiful animation summarizing this idea here, be sure to check it out! https://en.wikipedia.
org/wiki/Kepler%27s_laws_of_planetary_motion#/media/File:Kepler-second-law.gif

All of this is to say that if there is a single star and a single planet, we would expect to
see an orbital velocity v(t) that is composed of a single sinusoidal component oscillating at
frequency f1 like so: v(t) = a1 cos(2πf1t+ φ1).

The universe is much more complex. There are multiple stars and planets that all pull on each
other (multi-body problems make for great physics fun!). Each star and planet combination
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creates its own oscillation frequency in the velocity. If there are 2 planets orbiting a single
star, we might expect to model the velocity as such:

v(t) = a1 cos(2πf1t+ φ1) + a2 cos(2πf2t+ φ2). (1)

Thus, there would be two peaks in the Fourier spectrum. The frequency at which each peak
occurs would reveal information about the distance of the planet from the star!

So let’s imagine a scenario where you have made very careful astronomical measurements for
v vs. t as per the data stored in the file: PlanetVelocity.mat.

Follow along the script provided PlanetVelocityExample.m to:

(a) View the velocity data as a function of time v(t). Can you easily tell there is 1 main
cosine component? Would you wager there are: 1? 2? 3? 5? 20? State your best guess
looking at a plot at the velocity vs. time data only.

(b) The previous question can be easily clarified by computing the FFT [v(t)] = V [n]. Con-
tinue to follow the script to generate a Fast Fourier Transform (FFT) plot vs. frequency
. Importantly, make sure you understand what each line of the code does and what is
ultimately being plotted!

(c) Based on your analysis of of the FFT spectrum, how many planets are in orbit? What
are the frequencies at which they orbit?

(d) Note that the FFT plots being produced show the magnitude of the FFT coefficients,
which are complex numbers a+ ib. To emphasize this point, plot in the complex plane
the coefficients v̂n for n = 10, 20, 30

(e) Lastly, every sensor is subject to some noise, corrupting the ideal measurement. How
large can the noise amplitude Anoise be relative to the amplitude of the smaller amplitude
oscillation A2 such that you can still clearly see there are 2 frequency components in the
data. To find out, rerun the script various times for increasing values of Anoise.
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2. Mechanical Vibrations

Figure 2: 3 modes of oscillation for a 3 story building. Image credit: https://www.wbdg.org/

resources/seismic-design-principles

Download the N-story building simulation code from the course website. Modify the following
script to simulate an 8-story building:

script4NstoryBulidingSim.m

You’ll need to let the code complete simulation for about 60 s, then it will automatically
generate an FFT plot for each of 8 floors based on the position vs time data generated within
the code. In terms of real-world experiments, this is akin to putting strain gauges on each
floor, and exciting the building to oscillate (by jumping up and down on the bed or desk?).
If bulidings aren’t your thing, imagine this data set to be measured using a series of strain
gauge along the span of an airplane wing at 8 locations.

(a) Based solely on the FFT plots generated by the simulation code, determine the 8 natural
frequencies of oscillation fn for n = 1, 2, . . . 8. Note the units are Hz.

(b) Of course, these frequencies should correspond to the natural angular frequencies of
oscillation ωn determined from the eigenvalue/vector problem. In particular, note that
the output variable Omega are the ωn values (units of rad/s). You can compute the
natural frequencies by using fn = ωn/2π.

(c) The upshot: how does your analysis from parts a and b compare? Quantify how similar
or different they were (e.g. compute % difference). Overall, how successful was the FFT
analysis at determining the natural frequencies of the building shaking?
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3. Medical Diagnostics: Blood Pressure

Figure 3: Physician making blood pressure readings. Image credit:today.com

Blood pressure measurements are a standard diagnostic tool to assess cardiovascular health.
Alterations to normal patterns can signal serious disease states (e.g., impending heart attack).
In this problem, we will use real-world pressure data and perform a Fourier analysis of it.
In addition, this workshop problem will introduce you to i) digital filtering techniques which
are pervasive in every branch of engineering and physics; and ii) basic data compression
techniques. As you work through this example, make sure you understand what each line of
code does....Here we go!

(a) Open the script

BPexample_FFT.m

(b) Load the data (which was acquired from PhysioNet, a public repository of biological
recordings).

(c) Run the next block of code (“High pass filter the signal”). Carefully view the raw
(unfiltered) vs. filtered version of the signal. The filter we are applying here is a high
pass filter....which may be familiar to you from previous course work! The key matlab
functions here are butter which constructs a Butterworth digital filter, and filtfilt

which actually applies the filter to the raw data. Keep this in mind if you ever have real
world data sets you need to filter and analyze.

(d) Based on your analysis of the plot showing the blood pressure oscillating vs time, What
is the fundamental frequency of oscillation—i.e. what is the heart rate of the subject?

(e) Is the signal purely sinusoidal or can you clearly detect departures from a pure sine
wave?

(f) Proceed to the next block of code (“Compute FFT and plot the result”). In view of
the FFT spectrum plotted, what is the fundamental frequency of oscillation (i.e. the
heart rate)? How does this value compare to the one you previously determined using
the time domain signal? Quantify the percent difference.

(g) How many harmonics contribute to the blood pressure signal? Briefly justify your an-
swer. How does the strength of the harmonic vary with n (the harmonic number)?

(h) Now let’s check out a basic data compression scheme. The main idea is this: We’ll keep
the FFT coefficients that are “large”, defined as being some % of the global maximum
value. For instance, we might say “Let’s keep coefficients only if they are at least
20%of the global max value.” The other coefficients we’ll set to 0, they carry little to
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no information about the overall structure of the signal. So, when we transmit this
signal over the internet or save it to hard disk, we can transmit/store just a fraction of
the coefficients. In other words, if a significant fraction of FFT coefficients are small,
then we can greatly compress our data streams! Of course the user must know the
reconstruction aka decompression algorithm, which is just to run an inverse FFT on the
stored coefficients. But that’s easy enough. So let’s check out the real deal.

Execute the block of code “Data compression example”. This block of code runs the
algorithm described above, then plots the original vs. reconstructed (compressed) version
of the signal. Of course the more coefficients we throw away (set to zero), the more
information we’ll lose. Evaluate the success of the algorithm for 5-10 threshold levels
over a sensible range. Probably something like 0-30% makes good sense.

Ultimately, the algorithm’s success is quantified in compression ratio vs. PSD. The
latter is a metric that measured the average percent difference between the original and
decompressed signal over all time points. Lower values indicate a closer match (i.e. less
information loss). The higher the compression ratio, the better the space/bandwidth
savings.

Make a plot of PSD vs. Compression ratio. Based on your results, what
would you argue is a sensible threshold that is a good trade-off between the
compression ratio and PSD? Briefly justify.
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