
Problem Set 3
ENGN/PHYS 225—Winter 2021
Due Date: Monday, 15 Mar, 4pm

Foreword

This assignment plays with Euler’s ID, complex numbers, and ODEs. Euler’s ID is just so darn
useful because it is a clever math tool that allows us to make ridiculously useful and repeated use
of the identify ea+b = ea eb, often avoiding nasty trig IDs. Keep in mind that Euler’s ID is really
just a compact way of writing cosines and sines in the first place. And practically everything in
the physical world oscillates. Here’s to good math, good vibes, and good times!

Problems

1. This Little Light of Mine

(a) Back in the day, we did a lot of hard work with complex numbers to determine the
relative intensity of light in an optical device called a Fabry-Perot interferometer (See
“Time for Reflection” here (link).:∣∣∣∣EtransmittedEo

∣∣∣∣2 =
(1−R)2

(1−R)2 + 4R sin2 δ
. (1)

where the optical path length δ = 2πd
λ/n . To gain some physical insight, plot your solution

relative light intensity vs. λ, the wavelength in air. Assume that R = 0.95; the plate
thickness is d = 150 nm; and the index of refraction is n = 1.33

(b) Let’s say you have a Fabry-Perot device made of glass (n = 1.33). What thickness would
you require in order to transmit red light (wavelength λred = 664 nm)? How about blue
light (λblue = 440 nm)? Is this thickness “easy” or “”difficult” to achieve? (Just go with
your gut instinct, there’s no ’right’ answer here).

2. Good vibrations Submit your solution for the damped oscillations problem from the ODE
worksheet we worked on in class (see problem 3 here (link). Plot for your final solution for
the mountain biker’s motion versus time x(t) vs. t. Comment upon its nature—that is, how
do you interpret the plot to describe the physical behavior of the mounting biking system?

Figure 1: Mountain biker loving life on the trail. Image credit: REI.com
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3. Keep it Real

Throughout our study of ODEs we kept coming upon an expression—which hopefully looks
familiar by now—equating complex exponentials to real oscillations like so:

x(t) = c1e
r1t + c2e

r2t (2)

= c1e
r1t + c2e

r2t (3)

= c1e
(−α+iω)t + c2e

(−α−iω)t (4)

= e−αt︸︷︷︸
damping

(
c1e

iωt + c2e
−iωt)︸ ︷︷ ︸

oscillations

= e−αt︸︷︷︸
damping

(A cosωt+B sinωt)︸ ︷︷ ︸
oscillations

(5)

= Ce−αt cos (ωt− φ) (6)

(a) Show that this last expression is indeed true given that c1 = a+ ib and c2 = a− ib are
complex conjugates (c1 = c̄2). Specifically, show that given c1 = a+ ib we have that:

A = c1 + c2 = 2a

and
B = i(c1 − c2) = i i2b = −2b

(b) Draw a phasor in the complex plane representing c1 = 3 + 2i and another representing
c2.

(c) Draw a phasor in the complex plane at time t = 0 representing x(t) = c1e
iωt + c2e

−iωt

(d) Which way do each of the two terms rotate in the complex plane vs time? Draw two
phasors representing each of the two terms for x(t) at t = 1 s, assuming that ω = 3π/4.

(e) Generalizing this concept from part c, justify why we know the sum of the expression
for x(t) = c1e

iωt + c2e
−iωt is always real valued, as we would hope and expect for a

real-valued physical variable (position, pressure, temperature, etc)

(f) Lastly, the expression A cosωt + B sinωt is commonly written as C cos(ωt − φ). Show
that these two expressions are in fact equal, provided that C =

√
A2 +B2 and φ =

tan−1(B/A). Hint: think about Euler’s ID and the proof should fall out by drawing a
single triangle.
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4. Tune In

Figure 2: LC circuit montage. Top: wireless data transmission relies on radio signals. Enter
LC resonators. Middle: Circuit diagram (left) and actual LC circuit (right). Photo credit: Nick
St. Pierre. The LC elements are highlighted in the dotted green box. This circuit is being used
in their capstone robot project to detect electromagnetic fields oscillating at 10 Hz! Bottom:
the oscillatory action of the circuit illustrated. Image credit https://scientificsentence.net/

Equations/Electrostatics/index.php

LC circuits are ubiquitous. Here L stands for inductance, and C stands for capacitance.

An inductor is essentially a coil of wire with a voltage generated by a changing magnetic field
flux an therefore changing as electrical current (Faraday’s Law!): vL(t) = Ldi

dt . A capacitor is
essentially two electrical conductors separated by a thin dielectric (insulator)—e.g., take two
pieces of aluminum foil separate by a sheet of paper. Capacitors store charge proportional to
their voltage: q(t) = CvC(t).

While a simple parallel arrangement of two electrical components, the LC circuit lies at the
heart of wireless communication and also is responsible for generating the GHz clock inside
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your CPU, ticking away billions of times per second to coordinate all the computations and
graphics inside your laptop! With that prelude, hopefully are now convinced this is surely a
system worthy of further math investigation!

An LC circuit can pull this double duty because it oscillates with a circuit frequency, often
called the resonance frequency. Figure 2 bottom panel nicely illustrates a good summary of
the circuit action. There’s also a really nice animation here (link). Be sure to briefly study
them before to gain some intuition before venturing on!

Using a bit of Circuit theory (if you’ve taken 207, hopefully this looks familiar! If not, not to
worry, you’ll get there soon enough–the focus is really on the math), we can state that the
voltage across the inductor and capacitor has to be the same:

vL(t) = vC(t)→ L
di

dt
= q(t)/C

Also, note that current flows through the inductor iL(t) when charge comes off of the capacitor
(decreasing q(t)). Recalling that current is just the charges flowing per unit time, we can then
state:

iL(t) = −dq(t)
dt

= −iC(t)

Differentiating the above with respect to time, we can then write and 2nd order the electrical
current as follows:

L
d2i(t)

dt2
= − 1

C
i(t) (7)

(a) Develop a analytical expression for i(t). Assume that the current through the inductor
at t = 0 is at a maximum value, given by i(0) = io = 10 mA. (Note: there are 2 initial
conditions here.)

(b) What is the natural frequency ωo of this system in units of Hz (the frequency at which
the system “wants” to oscillate) given that the inductance is L = 1 µH and C = 19 pF?
Now let’s say you want to tune into your favorite radio station on the FM dial, 91.5 MHz
(WLUR coming to you live!). What is the value required for the capacitance (assume
L stays constant)? You should know that when you turn or click the tuning knob on a
radio, you are adjusting the capacitance to set the natural frequency of oscillation. Now
you know a bit more about how radios actually tune in!

(c) Next, let’s make a slightly more realistic version of the resonator by adding a small
amount of resistance in series with the inductor. It’s just a long thin wire coiled up, and
long thin wires have non-negligible resistance. Next, nothing oscillates forever, not even
November rain1. Why does the oscillation die down? Energy is dissipated in the resistor.
It converts electrical energy into heat. This is useful when you want to toast a bagel in
the morning, not so much when you want to keep the energy flowing in the resonator.
At any rate, using KCL (iR(t) = iL(t) + iC(t) and Ohm’s Law (vR(t) = iR(t)R, it can
be shown that:

L
d2i

dt2
+R

di

dt
+

1

C
i = 0

1Homage to Guns’n’Roses, anyone?
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Notice the first order derivative term R di
dt , acts just like the damping term (cdx/dt)

in our mechanical system Solve the ODE to estimate how much time elapses until the
oscillation amplitude decays to to 1% of the initial value, io/100? Take R = 20µΩ.
Those of you who have braved circuits will recall this is a very, very small resistance.
Yet it evidently torpedoes the operation of a resonator. Good resonators save a lot of
energy and figuring out how to design and build an optimal one is an active area of
research!

Figure 3: RLC circuit. Current flow through each element is indicated.

(d) Now let’s make a driven oscillator. This means we try to externally force the resonator.
In this case we’ll imagine connecting an electrical function generator (or as one of the
instructor’s young kiddos likes to call it “The Wave Machine”). There are knobs to
control the forcing frequency of oscillation ω.

We can show using Kirchoff’s Current Law that:

d

dt
[iR(t) = iC(t) + iL(t)]

Careful application of Circuits laws yield the ODE we which to now solve2:

d2Vout
dt2

+
1

RC

dVout
dt

+
1

LC
Vout =

1

RC

dVin
dt

In circuits we often define the time constant τ = RC and the natural frequency

ωo =
√

1
LC such that we can write our 2nd order ODE nicely as:

d2Vout
dt2

+
1

τ

dVout
dt

+ ω2
o Vout =

1

τ

dVin
dt

Our goal is to develop an expression Vout(t), the voltage across the LC parallel combi-
nation as a function of the input frequency (aka “driving frequency”), given an input
voltage of Vin(t) = vm cosωt. The angular frequency f = ω

2π is variable in practice—i.e.,
it is the broadcast frequency of different radio stations on the FM (frequency modulation)
dial. We’d like to know how our tuner circuit responds to 3 of them.

i. Develop a closed-form expression for Vout(t) making judicious use of Euler’s ID/complex
exponentials. Hint: this looks quite similar toknocking-motor vibrational problem
we solved in class!

2More details can be found on the last pages of this document. By no means are responsible for knowing them,
but your phys-engn education will be enriched at least attempting to read them. Circuits alumni may even find some
of this material to be quite familiar!
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ii. What is the magnitude of tuning circuit A = |Vout| for the following frequencies:
f = 91.5, 94.3, 96.7 MHz. Assume that L = 1 µH; R = 50 Ω; C = 19 pF, vm = 100
mV.

iii. Plot the input and output signals vs time for all 3 cases. That is, for each of the
3 cases plot Vin(t) and Vout(t). You should have 3 plots total. Comment on the
amplitude and phase relationship in each case. Based on your results, which of
these stations would be audible given the tuning of this circuit?
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