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This paper provides a review of the Teager–Kaiser (TK) energy operator and its extensions for signals 
and images processing. This class of operators possesses simplicity and good time-resolution and is very 
efficient in instantaneously estimating AM–FM signals and images. We point out the importance of the 
concept of energy from the point of view of the generation of the signal. More precisely, we emphasize 
the importance of analyzing signals from the point of view of the energy of the system needed to 
produce them. We show how this class of TK energy operators can be used to estimate useful features 
for signals and images analysis in time, space and frequency domains such as instantaneous frequency, 
second-order moment frequency, coherence function or spatial envelope and phase. We also show the 
importance of the higher derivative order of TK energy operator in terms of demodulation for both mono 
and multi-dimensional signals. Most of the developed tools around TK energy operators deal with real 
and complex-valued signals and some of them extended to multi-dimensional case. Due to their low 
complexity and their instantaneous-adapting nature, the class of TK energy operators offers valuable 
processing tools for time (space), frequency and time–frequency analysis.

© 2018 Elsevier Inc. All rights reserved.
1. Introduction

Signals may represent a broad variety of phenomena. In many 
applications, signals are directly related to physical quantities cap-
turing energy and power in a physical system. The concept of 
signal energy is of primary importance in the design of continuous 
and discrete domain systems [1–7]. This work is interested in sig-
nals provided by sensors and thus, to the energy associated with 
these signals. In the real world, we always transmit signals with 
finite total energy 0 < Ex < +∞ (or with finite average power) 
representing the amount of energy contained in signal x(t). The 
quantity Ex should be independent of the method used to calcu-
late it. Engineers refer to such signals as having finite total energy, 
although Ex is not necessarily the physical energy of the signal x(t). 
For example, the total energy of the source system modeled as a 
mass suspended by a spring of a constant stiffness required to pro-
duce a simple undamped harmonic oscillation is calculated by the 
sum of the kinetic energy of the mass and the potential energy in 
the spring. By studying the second order differential associated to 
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this harmonic oscillator, it is easy to show that a simple sinusoidal 
varies as a function of both amplitude and oscillation frequency of 
the signal x(t), which is quite different from simple squaring of the 
signal magnitude, x2(t). It is this source modeling that is used for 
characterizing x(t) by amplitude and frequency.

In their work on non-linear speech modeling, Herbert and 
Shushan Teager pointed out the dominance of modulation as a 
process in the speech production [8,9]. Based on the Teager’s work, 
Kaiser proposed an energy measure that includes both the ampli-
tude and the frequency of the signal [3]. This measure is often 
referred to as the Teager–Kaiser (TK) energy operator. Using the 
conventional view of the energy, it is easy to see that two tones 
at 10 Hz and 1000 Hz of unit-amplitude have the same energy. 
However, the energy required to produce the signal of 1000 Hz is 
much greater than that for the 10 Hz signal [3]. Using TK defini-
tion of energy, the two tones show different energy. This definition 
highlights the concept of signal energy from the point of view of 
the generation of the signal and emphasizes the importance of an-
alyzing signals from the energy aspect of the system needed to 
produce them. In the following, the theory behind TK energy oper-
ator and its different extensions as tools for time, space, frequency 
and time-frequency (TF) analysis of signals, and for estimation of 
envelope and phase for images is presented. This class of operators 
is illustrated on simulated and real data.
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2. Teager–Kaiser energy operator

In its continuous form, TK energy operator, noted �c , when op-
erating on continuous-time signal x(t) is given by [3]

�c [x(t)] �
(

dx(t)

dt

)2

− x(t)

(
d2x(t)

dt2

)
= ẋ2(t) − x(t)ẍ(t) (1)

where ẋ(t) and ẍ(t) are the first and the second derivative of x(t)
with respect to time t respectively. When �c is applied to signals 
generated by a simple harmonic oscillator (mass-spring oscillator 
of constant stiffness), it can track the oscillator’s energy (per half 
unit mass) which is proportional to the squared product of the 
oscillation amplitude and frequency. For narrowband signal x(t)
and under realistic conditions,1 �c [x(t)] approximately estimates 
the energy of the source producing the oscillation x(t). Using, 
for example, the backward approximation of the time derivatives 
(Eq. (1)), the discrete-time counterpart of �c becomes

�d [x(n)] = x2(n − 1) − x(n)x(n − 2)

(�t)2
(2)

where x(n) = x(n�) with �t = 1/ f s and n ∈ N; f s is the sampling 
frequency. Equation (2) is scaled and centered yielding

�d [x(n)] = x2(n) − x(n − 1)x(n + 1) (3)

The energy operator spans three adjacent samples of x(t) and 
is still a very local property of x(t). This input–output relation 
is called by Kaiser “Teager’s algorithm” [3]. For a tone x(n) =
A cos(ωn + φ0), TK operator yields

�d [x(n)] ≈ A2ω2 (4)

with ω < π/4. This property is also valid for damped sinusoids of 
the form

x(n) = rn cos(ωn + φ0) (5)

The operator �d [x(n)] approximates the product of squared am-
plitude and frequency of x(n) and can be termed as frequency-
weighted energy. The non-linear operators �c and �d were devel-
oped by Teager [9,10] and introduced by Kaiser [3,11]. Note that 
�d [x(n)] is independent of the initial phase of x(t), symmetric 
and capable of responding very quickly to changes in amplitude 
and frequency of x(t) [3]. Furthermore, it is robust even when x(n)

passes through zero, as no division operation is required. The op-
erator �d [x(n)] offers excellent time resolution because only three 
samples (x(n − 1), x(n), x(n + 1)) are required for the energy com-
putation at each time instant n�t , so it has good adaptability to 
the instantaneous changes in x(t). This why TK operator is well 
adapted, for example, for measuring formant modulation. The re-
sponse of �d [x(n)] is nearly instantaneous and this operator can 
be easily implemented in DSP processors, due to its low computa-
tion cost and extremely low requirements of memory storage.

The TK operator has been discussed from the mathematical 
point of view. For example, it has been characterized algebraically 
by giving expressions of the outputs corresponding to different 
types of combination (e.g. linear, algebraic) of input signals and 
classified the root and pre-constant signals of the operator [12]. 
The matrix framework of the operator has been introduced in [13]

1 The amplitude and the frequency of the signal do not vary too fast (rate of 
change) or too greatly (range of value) with time compared to carrier frequency.
by interpreting it as the determinant of a Toeplitz matrix contain-
ing the signal and its derivatives:

�c [x(t)] =
∣∣∣∣ ẋ(t) x(t)
ẍ(t) ẋ(t)

∣∣∣∣ ; �d [x(n)] =
∣∣∣∣ x(n) x(n + 1)

x(n − 1) x(n)

∣∣∣∣
The determinant is time-invariant for a signal with constant fre-
quency. If such matrix is generalized to an M × M Toeplitz matrix 
by adding delayed x(n) up to x[n ± (M − 1)], the determinant is 
also time-invariant [13,14]. This time-invariant property can be ex-
ploited using probe tones to uncover the amplitudes and frequen-
cies of multiple sinusoids [13]. Using this matrix framework, the 
output of the TK operator is interpreted as the measured energy 
corresponding to the square of the eigenvalue of its underlying 
energy matrix, a notion analogous to that seen in quantum me-
chanics [15]. An extension of this matrix framework to generalized 
TK operator has been introduced in [16].

2.1. Multiresolution Teager–Kaiser energy operator

To resolve two closely spaced tones (AM signal), an extended 
version of TK operator has been developed by introducing a lag 
parameter, k, in the expression (3) as follows [17]

�dk [x(n)] = x2(n) − x(n − k)x(n + k) (6)

where k ∈ N is a resolution parameter. For a dual tones with fre-
quencies f1 and f2, an optimal choice of k parameter enhances 
the difference ( f1 − f2) or the sum frequency ( f1 + f2) [17]. For a 
sinusoidal input x(n) = A cos(ωn), the operator output is given by

�dk [x(n)] ≈ (A sin(ωk))2 (7)

where k = π/2ω (ω = 2π f / f s) gives the maximum output. Thus, 
each frequency has its own optimum resolution parameter which 
maximizes the relation (7). The resolution parameters Ms and Md

are optimally chosen to enhance respectively the sum and the 
difference frequencies. Approximate relations of the optimum lag 
parameters for ( f1 − f2), Md , and ( f1 + f2), Ms , are given by [17]

Md =
⌊

0.5 f s

f1 + f2
+ 0.5

⌋
; Ms =

⌊
i × f s

f1 + f2
+ 0.5

⌋
(8)

where �.� is the floor function and i ∈ N
∗ . Larger values of i pro-

duce greater signal enhancement, but can introduce longer delay 
[17]. We illustrate the interest of �dk [x(n)] operator using a signal 
of two closely spaced tones, x(t):

x(t) = sin(2π f1t) + sin(2π f2t) + n(t) (9)

where t ∈ [0, 1], n(t) is a white Gaussian noise of signal to noise 
ratio (SNR) of 26 dB, f1 = 435 Hz, f2 = 400 Hz and f s = 8 kHz. 
The parameter i is set to 2. Using relations (8) we get Md = 5 and 
Ms = 19 (Figs. 1(a)–(c)). To identify the frequency components at 
f1 − f2 = 35 Hz and f1 + f2 = 835 Hz, a frequency analysis of 
�dk [x(n)] and �d [x(n)] operators is performed by calculating their 
power spectral density (PSD). �dk [x(n)] operator is applied to x(t)
with k = 1 (classical TK operator), k = Md and k = Ms . Both �d
and �d5 operators reveal a strong frequency component at the dif-
ference frequency of 35 Hz, but not corresponding component at 
the summation frequency of 835 Hz. Note that the spectral peak 
at 35 Hz is more prominent in the case k = 5 compared to result 
provided by TK operator (k = 1). This result shows the interest to 
combine TK operator with a lag parameter k �= 1, even in the pres-
ence to noise, to enhance the difference frequency. The spectrum 
of �d19 shows a clear peak at 835 Hz and none at 35 Hz. The use 
of large value of the lag parameter accentuates the summation fre-
quency. This example confirms the findings reported in [17] and 
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Fig. 1. Enhancing the summation/difference of two closely spaced tones using �dk [x(n)]. k = 1: Top panel (a), k = 5: Middle panel (b), k = 19: Bottom panel (c).
shows that changing the lag parameter k can result in enhancing 
the summation or difference frequencies of two component tones. 
Furthermore, noise with SNR = 26 dB does not degrade the promi-
nence of the summation or the difference frequency component. To 
accentuate the summation frequency, the parameter i used to cal-
culate Ms value must be correctly chosen. Thus, a strategy for data 
driven selection of this parameter is required.

Besides to resolve two closely tones, �dk [x(n)] operator has 
been combined with different resolution parameter k for mul-
tiresolution detection [18]. More precisely, �dk [x(n)] operator is 
combined with a multiband filtering. Thus, the signal x(t) is di-
vided into multiple pass-bands using M filters having impulse re-
sponses gm(t), frequency response Gm(w), with associated central 
frequencies ωm = 2π fm/ f s where m ∈ {1, 2, . . . , M}. The resolution 
parameter assigned to the mth band is km = fs

4 fm
and is selected 

such that the output of the operator is maximized for the cen-
tral frequency of this band. Since the parameter km may take on a 
non-integer values, which is not practical in discrete time signals 
analysis, the resolution parameter is approximated by the nearest 
integer as follows:

km =
⌈

f s

4 fm

⌉
(10)

where the function 	y
 rounds up the value of y to the small-
est integer that is not smaller than y. The operator �dk [x(n)] has 
found different applications, for example, in speech and biomedical 
domains [18–24].

2.2. Locating peaks/spikes by Teager–Kaiser energy operator

Due to its sensitivity to instantaneous changes in frequency-
dependent energy, TK operator is regarded as an efficient tool for 
detecting spike-like signals [25–28]. Note that TK energy operator 
(Eq. (1)) is closely related to the singularity index, designed to de-
tect impulse singularities in signals, introduced in [29]
ψc [x(t)] = | x(t)ẍ(t) |
C+ | ẋ(t) |2 (11)

where C ∈R.
Let x(n) and s(n) represent the background signal and the spike 

train respectively. Suppose that the observation, y(t), is a linear 
combination of these two signals:

y(n) = x(n) + s(n) (12)

If x(n) and s(n) are zero-mean and uncorrelated, putting y(n) in 
equation (3) we get

E[�d [y(n)]] = E[�d [x(n)]] +E[�d [s(n)]] (13)

where E[.] is the expectation operator. It has been shown that 
when the spike (peak) is not present, E[�d [s(n)]] ≈ 0, and when 
the spike is present E[�d [s(n)]] dominates [26]. E[�d [y(n)]], be-
ing an index of energy, which in general, is non-negative, can be 
used as an indicator for spikes detection [26]. Thus, the problem 
of spike detection is reduced to the estimation of E[�d [y(n)]]. To 
estimate E[�d [y(n)]], a smoothed version of �d [y(n)] is proposed 
[26]:

�ds [y(n)] = �d [y(n)] ∗ win(n) (14)

where ∗ is the convolution operator and win(n) is a smoothing 
window function. The selection of this window and its parameters 
are optimized to achieve sufficient reduction of interference with-
out loosing much of its time resolution, required for good spike 
detection. For spike detection, in general, a threshold value is used 
to minimize missing of true peaks, while reducing the number of 
false detected peaks due to noise [25,26]:

Th = Sc × 1

N

N∑
i=1

�ds [y(n)] (15)

where N is the number of samples of y(n) and Sc is scaling fac-
tor, which depends essentially on the input SNR [25]. We illustrate 
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Fig. 2. Peaks detection using TK operator.
TK operator on periodic Gaussian pulse signal generated 10 kHz 
with 50% bandwidth, s(n). The pulse repetition frequency is 1 kHz, 
the sample rate is 50 kHz, and the pulse train length is 10 ms. 
Each pulse has 80% of the amplitude of the preceding pulse. Fig. 2
shows the signal y(n) where x(n) is a white Gaussian noise with 
SNR set to 18 dB. Thanks to TK operator, the pulses are well de-
tected. We also show the effectiveness of TK operator on real data.2

Fig. 3 shows an audio recording signal of sperm whale (Physeter 
macrocephalus), that emits a typical short acoustic signal, defined 
as a “click”, continuously while diving. Two major clicks are emit-
ted: regular clicks characterized by high intensities and inter-click 
intervals, and creaks that are successions of clicks of variable am-
plitude and spacing. As shown in Fig. 3 (upper panel) sperm whale 
clicks are embedded in underwater noise. The accurate detection 
of clicks is a challenging problem due to low SNR and the inter-
click interval fluctuations over the time. Fig. 3 shows that the 
clicks are well detected using TK operator (lower panel) and this is 
achieved without any pre-processing or filtering of the input sig-
nal. These results shows the potential of TK operator as detector 
due to its high pass filter nature, as it will be shown in the follow-
ing subsection.

2.3. Teager–Kaiser and Volterra operators

The relationship between TK operator and the class of Volterra 
filters, which are non-linear operators, has been established in 
[30]. In its general form, a 1D Volterra filter is given by the 2D 
convolution of 1D sample products x(n1).x(n2) with a 2D kernel 
h2(n1, n2):

y(n) =
∑

n1∈Z

∑
n2∈Z

h2(n1,n2)x(n − n1)x(n − n2) (16)

It can be easily seen according to relations (3) and (16) that the as-
sociated Volterra kernel, or impulse response of the filter, is given 
by

h2(n1,n2) = δ(n1,n2) − δ(n1 + 1,n2 − 1) (17)

2 http://www.findsounds .com.
where

δ(n1,n2) =
{

1 n1 = n2 = 0
0 otherwise

According to relation (17), TK operator is obviously a 2D Volterra 
filter [31]. Frequency response of the filter is given by the Fourier 
transform (FT) of h2(n1, n2) as

H2(e jω1 , e jω2) = 1 − e− j(ω2−ω1)

| H2(e jω1 , e jω2) | = √
2(1 − cos(ω1 − ω2)) (18)

Relations (18) indicates that TK operator behaves like a high-pass 
filter making it efficient, for example, for transient and spike detec-
tion [4,26,32–34]. Note that for ω1 = ω2, we have H2(e jω1 , e jω2 ) =
0 and thus TK operator, as expected, will map a single sinusoid 
onto a constant output. Let x(n) be an input signal with an average 
value μ and its centered version x1(n) = x(n) −μ. Let assume that 
x1(n) is an independent random sequence uniformly distributed in 
the interval [−�, �]. If μ � �, it is easy to show that [35]

�d [x(n)] = μ(2x(n) − x(n − 1) − x(n + 1)) (19)

The average value μ can be approximated by the local mean of 
x(n) because the output �d [x(n)] only depends on x(n − 1), x(n)

and x(n + 1) as follows

μ = 1

3
(x(n − 1) + x(n) + x(n + 1)) (20)

Since (2x(n) − x(n − 1) − x(n + 1)) is a linear high-pass filter, TK 
operator behaves like a local-mean-weighted adaptive high pass 
filter and thus can be approximated by

�d [x(n)] ≈ (local-mean) × (high-pass filter) (21)

This approximation is valid provided that the local mean is much 
larger than the variance of the signal. As commented in [36], TK 
operator can also be approximated as the negative second deriva-
tive of the signal weighted by its local mean.

http://www.findsounds.com
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Fig. 3. Sperm whale (Physeter macrocephalus) clicks.
2.4. Teager–Kaiser energy operator in noise

Let n(t) be a zero-mean wide-sense stationary (WSS) Gaussian 
random processes. Thus, both ṅ(t) and n̈(t) processes are also WSS 
Gaussian [37]. In addition, ṅ(t) is statically independent of both 
n(t) and n̈(t) and consequently, the output of TK operator is the 
sum of two independent processes [38]:

�c [n(t)] = ṅ2(t) − n(t)n̈(t) (22)

Using the cross-correlation between two WSS processes x(t) and 
y(t)

E[x(m)(t + τ )y(n)(t))] = (−1)n dm+n Rxy(τ )

dτm+n
(23)

it is easy to show that

E[�c [n(t)]] = E[�c

[
ṅ2(t)

]
] −E[�c [n(t)n̈(t)]]

= −R(2)
nn (0) − R(2)

nn (0) = −2R(2)
nn (0) (24)

The expectation of the random process �c [n(t)] is twice the vari-
ance of the process ṅ(t). Thus, if n(t) is a zero-mean WSS Gaussian 
random process with autocorrelation Rnn(τ ) = q2δ(τ ), the expec-
tation of the process �c [n(t)] is E[�d [n(t)]] = −2q2δ(0) = −2q2. 
Fig. 4 shows that E[�d [n(t)]] presents, as the correlation, a strong 
peak at τ =′ 0′ and it is near zero for other τ values. Assume that 
we have the observation

x(t) = s(t) + n(t) (25)

where s(t) is a noise-free signal and n(t) is a zero-mean WSS 
Gaussian noise with variance Rnn(0). Signals s(t) and n(t) are 
supposed statistically independent. The expectation of �c [x(t)] is 
given by

E[�c [x(t)]] = E[�c

[
(ṡ(t) + ṅ(t))2

]
]

−E[�c [((s(t) + n(t)))((s̈(t) + n̈(t)))]]
= E[�c [s(t)]] +E[�c [n(t)]]
+E[�c [2ṅ(t)ṡ(t) − s(t)n̈(t) − n(t)s̈(t)]]︸ ︷︷ ︸

cross-terms

(26)

As s(t) and n(t) are independent, the cross-terms are zeros. Thus,

E[�c [x(t)]] = E[�c [s(t)]] − 2R(2)
nn (0) (27)

Thus, in noisy environment the TK energy estimate is biased by 
twice the variance of the process ṅ(t). In general, the operator 
�d (�c) is sensitive to noise due to the differentiation operation. 
It has been shown that �d can be used for short-term energy 
estimation in additive noise with a better performance than the 
squared operator, S [x(t)] � x2(t) [39]. Some stochastic properties 
of TK operator have been analyzed in [38] to understand its be-
havior when applied to random signals. TK operator works well in 
moderate noisy environment, but performs poorly for noisy signals. 
Based on signal differentiation, TK operator is sensitive to noise. To 
reduce this sensitivity, a systematic method is to use continuous-
time expansions of discrete-time signals to numerically implement 
TK operator differentiations without approximation [40–42]. A so-
lution is to interpolate the discrete-time signal using smooth basis 
functions (Splines, Gabor, . . .). The interest of such operation is to 
avoid the noisy one-sample discrete-time approximations of the 
signal derivatives (Eq. (1)). Since convolution operation commutes 
with time derivative, we get

dn

dtn
(x(t) ∗ h(t)) = x(t) ∗ dnh(t)

dtn
(28)

where n ∈ N
∗ , thus, the filtered version of TK operator is written 

as:

�c [x(t) ∗ h(t)] =
[

x(t) ∗ dh(t)

dt

]2

− (x(t) ∗ h(t))

[
x(t) ∗ d2h(t)

dt2

]
(29)

Equation (29) involves three convolution products, which is time 
consuming. Thus, we avoid convolution operations by moving to 
frequency domain using the FT of derivatives:
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Fig. 4. Response of TK operator to white noise.
dnh(t)

dtn
←→ ( j2π f )nF[h(t)] (30)

where F is the FT. Let X( f ) and H( f ) denote the FTs of x(t) and 
h(t) respectively and A( f ) = X( f )H( f ). TK energy operator is es-
timated in efficient way using the bandpass filtered version of x(t)
as

�c [x(t) ∗ h(t)]

= (F−1[ j2π f A( f )])2 − (F−1[A( f )])(F−1[−4π f 2 A( f )])
(31)

where F−1 is the inverse FT. The output �c [x(t) ∗ h(t)] is imple-
ment using FFT algorithm.

3. Multiband analysis

We show in the following the need to subband filtering when 
TK operator is applied to multicomponent signal and also how this 
filtering is used in combination of the output of the operator to 
extract dominant component of the spectrum of the signal for clas-
sification purpose, or to retrieve cepstrum coefficients for speech 
recognition.

3.1. Subband filtering

We illustrate the need of the subband filtering by application of 
TK operator to the sum of two sinusoids:

x(t) = x1(t) + x2(t)

= α1 cos(2π f1t) + α2 cos(2π f2t) (32)

The TK output is given by

�c [x(t)] = �c [x1(t)] + �c [x2(t)]

+ α1α2[1 − cos(2π( f1 + f2))t][cos(2π( f1 − f2))t]︸ ︷︷ ︸
cross-terms

(33)
Thus, due to the cross-terms, it is not possible to retrieve the en-
ergy quantities �c [x1(t)] and �c [x2(t)] from �c [x(t)]. This restric-
tion, due essentially to the quadratic nature of �c [.] (�d [.]), limits 
the energy tracking ability of TK operator to monocomponent sig-
nals [14]. For multicomponent signals, decomposition into narrow-
band components is required. More precisely, to take advantage of 
TK operator capabilities and those of the associated demodulation 
methods, multicomponent signals are filtered through a filter-bank 
constructed, for example, by real Gabor bandpass filters. The selec-
tion of an appropriate bandpass filter permits to isolate an individ-
ual AM–FM signal component from a multicomponent signal and 
to compute its energy �c [.]. Consequently, noise components not 
falling within the vicinity of the desired local AM–FM component 
are rejected [38]. Gabor filters are chosen for several reasons, such 
as their optimum TF localization. Their impulse responses in time 
and frequency are given by [43]:

h(t) = e−α2t2
cos (2πνt)

H( f ) =
√

π

2α

[
e
(− π2( f −ν)2

α2 ) + e
(− π2( f +ν)2

α2 )
]

(34)

ν is the center frequency of the filter and α is the bandwidth 
parameter. For example in speech processing ν is equal to the 
frequency formant [44]. The effective rms bandwidth of the fil-
ter is defined as 

√
2π times bandwidth, and is equal to α/2π

[43]. In discrete domain, the filter response is a sampled and trun-
cated version of Eq. (34). Suppose that a signal, from a source, is 
modeled by a linear mixture of K individual components, i.e., a 
multicomponent signal

x(t) =
K∑

k=1

xk(t) (35)

where xk(t) is a narrowband component. The separation of x(t)
into K components is achieved by bandpass filtering through a 
linearly-spaced set of frequency-tuned filters. If a component in-
stantaneously dominates a filter response, thus
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xk(t) ≈ gk(t) ∗ x(t) (36)

where gk(t) is the impulse response of the kth filter with as-
sociated center frequency νk and bandwidth parameter αk . The 
narrowband signals are produced as the outputs of a dense of 
overlapping uniformly-spaced Gabor filters. Following filtering, TK 
operator is applied to each output xk(t) followed by its demodu-
lation. As indicated in [38], the location and bandwidth should be 
logarithmically spaced and have accordingly different bandwidths 
in the frequency domain. This allows ensuring a uniform (worst-
case) predicted performance across the filters. The location and 
bandwidth can be chosen such that two neighboring filters inter-
sect at half-peak:

νk = 3νc

2k+1
; αk = πνk√

ln 2
(37)

where νc is the highest frequency to be analyzed. The indexing 
of filters are from higher to lower center frequencies. Note that 
a bandpass filter if it is not properly designed, can introduce dis-
tortions in the amplitude and phase of separated channel (compo-
nent). To reduce these distortions, Fourier–Bessel expansion can be 
used for separating a multicomponent signal into individual com-
ponents, without a prior information about the frequency band of 
the signal components [45]. However, to best of our knowledge 
there is no study, as for Gabor filters, showing that this expansion 
is optimally compact and smooth both in time and frequency do-
mains.

3.2. Dominant component paradigm

The aim of dominant component analysis (DCA) is to estimate 
at each instant t (or pixel for an image) in multicomponent sig-
nal (image), the values of the modulating functions of the com-
ponent that dominates the local signal spectrum at that instant. 
DCA models the signal’s nonstationary behavior at each instant by 
exclusively taking into account the AM–FM component with the 
strongest response, also known as the AM–FM dominant compo-
nent [46]. Assuming that a single narrowband component domi-
nates the filter responses at instant t , DCA selects the channel i(t)
that is closest to this component. The channel i(t) is chosen among 
the K filter responses by maximizing a criterion �k(t):

i(t) = arg max
1≤k≤K

{�k(t)} (38)

The choice of the dominant channel in the original work on DCA 
[46] has been based on the maximization of the estimated ampli-
tude envelopes

�k(t) =| ak(t) | (39)

As an alternative to amplitude-based dominant component extrac-
tion, one can use the output of TK operator

�k(t) = �c [xk(t)] (40)

The DCA has found interesting applications in signal and image 
processing [47–50].

3.3. Teager energy cepstrum coefficients

To the best of our knowledge, the idea of calculating the cep-
strum of the output of TK operator has been first explored by 
Jankowski [14] and a set of Teager energy operator based cep-
stral (TEOCEP) parameters has been developed by Jabloun et al. 
and their effectiveness and robustness shown in isolated word 
recognition under car engine noise [51]. In the literature, these fea-
tures are also called Teager energy cepstrum coefficients (TECCs), 
calculated by filtering the speech signal through a dense non con-
stant Q-Gammatone filterbank [52]. Extraction of features from 
TK operator is essentially motivated by speech consideration and 
by the modulation energy tracking capability of this non-linear 
operator. This leads, for example, to the construction of an effi-
cient feature vector for the representation of the formant infor-
mation. Most common feature extraction methods for speech and 
acoustic pattern recognition problems are mel-filter cepstral co-
efficients (MFCCs) and linear predictive coefficients (LPCCs) [53]. 
These methods, based on the concept of cepstrum (the word cep-
strum is formed by reversing the first letters of spectrum),3 are 
of low complexity and provide good performance for automatic 
speech recognition (ASR) tasks under clean matched conditions 
[54,55]. The MFCC and LPCC methods are very effective at repre-
senting a speech signal and reduce the amount of the information 
in the frequency domain of a frame of speech to a small set of pa-
rameters [56]. The gain in data reduction is, overall, the same for 
both methods, but compared to the LPCC, the MFCC is able to use 
some auditory factors in warping frequency scale to better model 
the human ear [56,52]. Modeling this property of human hearing 
during feature extraction, improves the speech recognition perfor-
mance. Human hearing is not equally sensitive at all frequency 
bands and it is less sensitive at higher frequencies. The mel-scale 
aims to mimic the non-linear human ear perception of sound, 
by being more discriminative at lower frequencies and less dis-
criminative at higher frequencies. Despite their interest and their 
wide-spread use in speech domain, the MFCC and LPCC methods 
tend to suffer significantly when increasing amounts of noise are 
present in the received speech signal [56]. For example degrada-
tion of MFCC method is directly proportional to signal’s SNR [52]. 
The lack of robustness of MFCC method in noisy conditions, have 
led many researchers to develop robust versions of MFCCs such as 
the TECC method introduced in [51] that later has been improved 
using a dense (in frequency) bank filters, which are a good ap-
proximation of auditory filters [52]. TECCs are extracted from the 
speech signal according to the following steps (Fig. 5):

Pre-emphasis:
The first step in TECC feature extraction, is to apply a pre-emphasis 
filter on the input signal s(t) to amplify the amount of energy in 
the high frequencies which gives more information from higher 
formants to acoustic model and makes high frequency more avail-
able. Indeed, the spectrum of voiced sounds has more energy at 
lower frequencies than higher frequencies. This drop in energy 
across frequencies (spectral tilt) is caused by the nature of the 
glottal pulse. The most commonly used pre-emphasis filter is the 
first-high-pass filter. The output of this filter, in the time domain, 
is given by

x(t) = s(t) − αs(t − 1) (41)

α ∈ [0.4, 1] controls the slope of the filter.

Multiband filtering:
The TECC features are calculated by first filtering the signal 
through a set of auditory filters which are constant-Q. The hu-
man ear employs several thousand of filters and the corresponding 
filterbank is very dense in frequency (Hz). Gammatone filterbank 
is an established model for human auditory filters. Gamma filters 
are smoother and broader than the triangular filters and take their 

3 The cepstrum of a signal is the inverse FT (IFT) of the logarithm of the magni-
tude of the FT of the signal.
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name from the impulse response which is the product of Gamma 
function and a sinusoidal tone:

gl(t) = Atn−1e−λt cos(2π f l
ct) (42)

where A is a gain factor, n is the order of the filter and f l
c is the 

center of frequency of the lth filter, l ∈ {1, 2, . . . , L}. The damp-
ing factor λ is defined as λ = 2πbE R B( f l

c) where E R B( f l
c) is the 

equivalent rectangular bandwidth. The parameter b controls the 
bandwidth of the filter proportional to the ERB of human audi-
tory filter [57]. Human physiology indicates that the auditory filter 
bandwidths is given by the E R B( f ) function [58]:

E R B( f ) = 6.23( f /1000)2 + 93.39( f /1000) + 28.52 (43)

where f is the filter center frequency in Hz. For humans, the 
parameters n = 4 and b = 1.019 have been derived using notched-
noise masking data [59]. Gammatone filterbank, given by gl(t), is 
used to bandpass the mth frame into a set of L bandpass signals 
as follows:

xm
l (t) = xm(t) ∗ gl(t) (44)

Short-time averaging:
Information about the time-varying nature of the framed speech 
signal is incorporated using TK energy. For every bandpass signal 
of the mth frame, the mean TK energy is estimated

Em
l = 1

Nm
l

Nm
l∑

n=1

| �d
[
xm

l (n)
] | (45)

where Nm
l is the number of samples in the lth band of the mth 

frame.

Cepstrum coefficients:
We transform the energy coefficients Em

l to cepstrum domain via 
the discrete cosine transform (DCT). Prior to computing DCT, log 
compression is applied to each energy coefficient. Indeed, human 
perception of sound intensity is better measured on a logarithmic 
scale than a linear scale. More precisely, human ear is less sensi-
tive to small changes at high amplitudes than at low amplitudes. 
Finally, the TECCs are given by

T C(k;m) =
L∑

l=1

log (Em
l ) cos

[
k(l − 0.5)π

L

]
, k ∈ {0,1, . . . , IC − 1}

(46)

where IC is the number of cepstrum coefficients. In practice, only 
the first lower-order cepstrum coefficients are kept for subsequent 
processing (recognition, . . . ) [52]. Modulation features which cap-
ture the second-order nonlinear structure of the speech formants 
[60] can be considered in combination with TECCs. The idea is to 
develop fusion strategies that take advantage of TECCs and modu-
lation features, to tackle for example complex ASR tasks.

4. Energy separation algorithm

One of the well known application of TK energy-tracking oper-
ator, particularly in speech processing [61,62], is the estimation of 
time-varying amplitude envelope and instantaneous frequency (IF) 
of an AM–FM signals. Note that many real and man-made signals 
can be modeled as a superposition of AM–FM components. When 
applied to an AM–FM signal
x(t) = a(t) cos(φ(t))

= a(t) cos

[ t∫
0

ω(τ)dτ + φ(0)

]
; ω(t) = dφ(t)

dt
(47)

�c[x(t)] can approximately estimate the following square product

�c[x(t)] ≈ [a(t)ω(t)]2 (48)

assuming that a(t) and ω(t) do not vary too fast (small band-
widths) or too greatly with time compared to the carrier frequency 
ωc = 2π fc of x(t) [63,64]. Thus, under these realistic constraints 
�c [x(t)] is the instantaneous energy of a source oscillations of am-
plitude a(t) and frequency ω(t). The TK output approximates the 
energy of a single modulated cosine. In speech processing, rela-
tion (47) can be viewed as the response of a formant of the vocal 
track, a(t) and ω(t) are the instantaneous amplitude (IA) and the IF 
respectively of this formant. Fig. 6 shows that the output of TK op-
erator resembles a quadratic function, suggesting that TK operator 
is able to track the IF of FM signals. Kaiser showed that equation 
(48) gives an error < 11% if the frequency of oscillation is less than 
f s/8 [3]. Similarly, the output of �c for the first time derivative of 
x(t) is given by

�c [ẋ(t)] ≈ a2(t)ω4(t) (49)

Combining (48) and (49) we obtain

f (t) ≈ 1

2π

√
�c [ẋ(t)]

�c [x(t)]

| a(t) | ≈ �c [x(t)]√
�c [ẋ(t)]

(50)

Equations (50) refer to as the continuous energy separation algo-
rithm (ESA), which gives at each instant estimates of the time-
varying IF f (t) ≥ 0 and of the amplitude envelope | a(t) | of an 
AM–FM signal [63–68,45,69,70]. The ESA provides the AM–FM de-
modulation of x(t). Comparison of IF estimation methods including 
ESA, analytical signal via Hilbert transform (HT), generalized zero-
crossing and direct quadrature is done in [71]. Overall, irrespective 
of the assumptions of each estimation method, and depending on 
the applications, data characteristics and data analysis goals, these 
method provide satisfactory estimations.

4.1. Positivity of Teager–Kaiser energy operator

A negative output of TK operator prevents it to be used in prac-
tice and from having some useful mathematical properties. For the 
validity of the ESA it is assumed that �c [x(t)], �c [ẋ(t)] ≥ 0 [72]. 
There are large classes of signals satisfying this condition [63]. 
Necessary and sufficient conditions such that the outputs �c [x(t)]
and �d [x(t)] be non-negative everywhere have been studied in 
[72–74]. Recently, sufficient conditions, based on geometrical ap-
proach, such that the output of TK energy operator for continuous-
time signals be non-negative has been proposed [72]. Also, a non-
negative energy operator based on a long duration HT filter and 
sharing some properties TK operator has recently been introduced 
in [75]. The approximations in (48), (49) and (50) are valid under 
certain general realistic constraints that restrict the bandwidths of 
a(t), f (t) and the maximum frequency deviation fm of the FM part 
to be much smaller than fc [63,64]. Note that if at some points in 
x(t) we have ẋ(t) = constant then ẍ(t) = ...

x(t) = 0 =⇒ �c [ẋ(t)] = 0
and thus a(t) → ∞ and f (t) = 0. This causes spikes in amplitude 
and zero frequencies. Also, if [ẋ(t)]2 = x(t)ẍ(t), then we would get 
spikes in frequency when the amplitude is zero [76].
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Fig. 5. TECC extraction block diagram.

Fig. 6. Response of TK operator to an AM–FM signal.
4.2. Discrete versions of the ESA

Using differences (backward/forward) to approximate the
derivatives of x(t), the ESA has been extended to discrete-time 
signals. Different discrete versions of the ESA, called discrete ESA 
(DESA), have been developed [63]. The DESAs are very simple algo-
rithms to implement with trivial computation complexity. Another 
advantage of theses methods is that, for each output sample, they 
use a short window of five samples, while the HT often requires 
a window whose length is of the same order as the length of the 
signal analysis frame [63,77]. The most popular DESAs are DESA-
1, DESA-1a and DESA-2. The DESA-1 is a computationally simple 
and has the smallest estimation errors and it is able of estimating 
the widest ranges of IFs. The ESA has also combined with other 
methods. One can cite the Prony ESA and the modified covariance 
method [78].

4.3. DESA-1

By applying the discrete-time TK energy operator (Eq. (2)) to 
both signal x(n) and its asymmetric differences, backward, y(n) =
x(n) − x(n − 1), and forward, y(n + 1) = x(n + 1) − x(n), a discrete 
version of ESA is given by

f (n) = f s

2π
arccos

(
1 − �d [y(n)] + �d [y(n + 1)]

4�d [x(n)]

)

| a(n) | =
√√√√√ �d [x(n)]

1 −
(

1 − �d[y(n)]+�d[y(n+1)]
4�d[x(n)]

)2
(51)

This algorithm is called DESA-1, where “1” implies the approx-
imation of derivatives with a single ample differences [79]. The 
frequency estimation works provided that 0 < ω(n) < π , since the 
principal value of the arccos(v) function assumes that v ∈ [0, π ]. 
Thus, the DESA-1 can estimate IF up to f s/2 [79]. We illustrate the 
DESA-1 on chirp (AM–FM) signal with quadratic phase and Gaus-
sian amplitude modulation:

x(t) = A exp

[
− (t − t0)

2

γ

]
cos(φ(t)) (52)

where φ(t) = 2π(αt2 + β), 0 ≤ t ≤ 250, A = 10, γ = 1000, t0 =
128, α = 0.0005, β = 0.01. Fig. 7 shows the separation of the x(t)
signal in frequency and amplitude components. Figs. 7(b)–(c)) il-
lustrate the accurate estimates of both IA and IF components using 
the DESA-1 method.

A main disadvantage of the ESA/DESA is the moderate sensi-
tivity to noise. To have smoother estimates of noisy signal time-
derivatives (Eqs. (50)), x(t) can be fitted with smooth splines 
[80,41], Gabor filter [80], or Savitzky–Golay (SG) filter [42]. The 
ESA/DESA are efficient demodulation algorithms only when they 
are applied on AM–FM signals of narrowband frequency content 
[38]. This constraint makes the use of filterbanks inevitable for 
wideband signals [81]. In speech processing the ESA/DESA are ap-
plied to bandpass filtered signal, since its intent is to reflect the 
energy of the non-linear flow within the vocal tract for a single 
resonant frequency [82]. To handle multicomponent signals, a good 
strategy is to band pass filter the input signal, using for example a 
Gabor band-pass filtering, and apply the ESA/DESA to its narrow-
band components, assuming these filter outputs are well modeled 
by AM–FM signals. Another band-pass filter is the empirical mode 
decomposition (EMD) which is a data driven filter [83], that, un-
like the Gabor filter it does not require any a priori knowledge on 
the number of narrowband components to be extracted and their 



A.O. Boudraa, F. Salzenstein / Digital Signal Processing 78 (2018) 338–375 347
Fig. 7. Example of AM–FM demodulation.
frequency parameters. The conjunction of the DESA and the EMD 
is interference-free TF representation (TFR) referred to as Teager–
Huang transform (THT) which is well suited for multicomponent 
AM–FM signal analysis [84–88]. The DESA can also be combined 
with ensemble EMD (EEMD), complementary EEMD [89] or varia-
tional mode decomposition [90].

4.4. Modulation features

A variety of features can be extracted from TK operator and 
DESA outputs for classification and pattern recognition purposes. 
These features are derived via a multiband analysis of the input 
signal. For example, modulation features, extracted from the first 
(mean values) and the second-order statistics of the instantaneous 
AM–FM components have been conceived and shown their effi-
ciency for ASR [44,60,91,92]. These features provide robustness, 
particularly to additive noise, and model for example accurately 
the voiced speech signals [60]. The multiband features are es-
timated following a short-time processing in frame of length L, 
where each frame is filtered through of bank of K bandpass fil-
ters {gk(t)}, k ∈ {1, 2, . . . , K }. For each band k, the instantaneous 
components ak(n) and fk(n) are estimated using the DESA where 
n ∈ {0, 1, . . . , N − 1}. The DCA is applied to each frame m, where 
m ∈ {1, 2, . . . , L}, to identify the filter that captures the strongest 
modulation component of the signal followed by the application 
of the DESA to this filter. Commonly used second-order modulation 
features are extracted by measuring statistics over ak(n) and fk(n), 
namely (a) maximum average Teager energy (MTE), (b) mean in-
stant amplitude (MIA), (c) mean instantaneous frequency (MIF), (d) 
weighted mean frequency (Fw), and (e) frequency modulation per-
centages (FMP). The features MTE, MIA and MIF are averaged over 
the frame duration N/ f s:

i = arg max
1≤k≤K

{�d [s(n) ∗ gk(n)]}
MIA(m) = ai(n)

MTE(m) = �d [s(n) ∗ gi(n)]

MIF(m) = f i(n)

Fwk =
∑N−1

n=0 a2
k(n) fk(n)∑N−1

n=0 a2
k(n)

FMPk = Bk (53)

Fwk
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where Bk is the mean bandwidth (an amplitude-weighted version 
mean frequency of the fk(n)-signal deviation).

Bk =
∑N−1

n=0 [ȧ2
k (n) + ( fk(n) − Fwk)

2a2
k(n)]∑N−1

n=0 a2
k (n)

(54)

For features MTE, MIA and MIF, averaging takes place over N sam-
ples of frame m and n is the sample index with (m − 1)N + 1 ≤
n ≤ mN [91].

The features MTE and MIA provide information about signal en-
velope variations while MIF is related to the signal’s spectral con-
tent. In speech processing, due to the non-linear human percep-
tion of speech, MIA is transformed using the logarithm function. 
The MTE can be considered as an alternative energy measurement. 
MIA and MIF features can be concatenated to form a feature vec-
tors, for example, for acoustic modeling or classification purposes. 
Fwk feature measures the micro-fluctuations of the IF around the 
center frequency of filter k [92]. FMP feature can partially cap-
ture the fluctuations of the formant frequencies during a single 
pitch period. More precisely, these variations are captured by the 
micro-modulation Fwk and Bk . It has recently shown, based on ex-
periments, that the combination of MTE, MIA and MIF features can 
be used as an auditory saliency value, Ssal , of the frame m [49]:

Ssal(m) = w1MTE(m) + w2MIA(m) + w3MIF(m) (55)

where the weighting factors w1, w2 and w3 can be adapted to 
the mean value of each frame. All the modulation features take 
advantage of the excellent time resolution of the ESA but they are 
sensitive to abrupt noise artifacts due to the differential nature of 
TK operator. To cope with singularities caused by small energies, 
features can be smoothed using a median filter.

5. Teager–Huang transform (THT)

The EMD decomposes any signal, x(t), into a reduced number 
of AM–FM components, namely Intrinsic Mode Functions (IMFs), 
and a residual consisting of all local trends [83]:

x(t) =
C∑

j=1

IMF j(t) + RC (t) (56)

where C is the number of IMFs and RC (t) denotes the final residue. 
The salient property of an IMF is that it is a monocomponent 
AM–FM signal [83] and therefore it can be demodulated using the 
ESA/DESA [86]. After demodulation of each IMF component of x(t)
by ESA/DESA, one can express the input signal as follows:

x(t) = �
( C∑

j=1

a j(t)exp(i

t∫
0

ω j(τ )dτ )

)
+ RC (t) (57)

where � stands for “real part”, ω j(t) = 2π f j(t) and i = √−1. If 
we omit RC (t), which is either a monotonic function or a con-
stant, equation (57) gives both the amplitude and the frequency 
of each component as functions of time. Thus, for RC (t) = 0, re-
lation (57) can be used as an AM–FM representation of the re-
sponse of the vocal track during voiced speech. Each empirical 
mode j can be viewed as the jth formant of the vocal track. Equa-
tion (57) enables us to represent IF and IA as functions of time 
in a three-dimensional plot, in which the amplitude is contoured 
on TF plane. The weight assigned to each TF cell is the local spec-
trum amplitude. The amplitude (or energy) depending on time and 
the amplitude is interpreted as the Teager–Kaiser Spectrum (TKS), 
TK(t, f ). Formally this is defined as follows. Let the signal x(t) be 
represented in the form (57), without RC (t). The TKS (amplitude) 
is defined as [87]:

TK(t, f ) = TK(t, f (t))

:=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

a1(t) on the curve {( f1(t), t); t ∈R}
a2(t) on the curve {( f2(t), t); t ∈R}
...

aK (t) on the curve {( f K (t), t); t ∈R}
Given the IF and IA ( f j(t), a j(t)) at each instant t , the associated 
TF is the THT and is constructed as follows:

TK(t, f ) =
C∑

j=1

a j(t, f j(t)) =
C∑

j=1

a j(t)δ( f − f j(t)) (58)

Relation (58) corresponds to a set of weighted trajectories in the 
TF plane [86,87]. An advantage of TKS analysis over Hilbert spectral 
analysis [83] is to circumvent the limitation of Bedrosian theorem. 
As the Hilbert–Huang transform [83], the THT produces a sharp 
and sparse time frequency representation of the signal [86,87]. If 
x(t) is of dimension T in time is given in discrete-time, its TFR is 
of dimension N f T when computed over N f frequency bins. Since 
the number of extracted modes (Eq. (56)), K , is much smaller than 
T , THT which satisfies relation (58) is distributed over the TF plane 
in a very sparse way, with only K 1D trajectories where at most 
K T values are expected to be non-zero. All information of the THT 
is concentrated in a very small number of 1D trajectories. Thus, 
in terms of number of points, THT is of K T dimensions where 
K << T while, for example, Wigner–Ville Distribution (WVD) is 
of dimension T N f [87]. Similar to THT, a scheme of separation 
and demodulation of multicomponent AM–FM signals with null 
space pursuit has recently been introduced in [93]. This iterative 
method is based on a differential operator and requires at least 
three input parameters correctly chosen for its running. We illus-
trate the THT with a concave quadratic chirp sampled at 1 kHz 
with IF f (t) = f0 + β f 2 where β = ( f1 − f0)/t2

1, f0 = 100 kHz; 
f1 = 200 kHz; ss = 2000; t1 = 1. The true IF and the THT of this 
chirp are sketched in Fig. 8(a). The TFR of the chirp is achieved 
with good resolution (Fig. 8(b)). The THT is also illustrated on 
a multi-component AM–FM signal composed of two LFM signals 
(Fig. 9(a)) given by

x(t) = A

[
exp (−5(t − 0.5)2) exp ( jφ1(t))

+ exp (−10(t − 0.5)2) exp ( jφ2(t))

]
I F1(t) = 20t + 40; I F1(t) = 10t + 85 (59)

where A is a normalization constant, and I F1(t) and I F2(t) are the 
IF laws of the two LFM signals. Fig. 9(b) shows that the IF profiles 
of the LFM signals are well estimated without interferences and 
with a good localization. See reference [94] for IF in TF analysis.

We show the effectiveness of the THT on five well known test 
signals with IF laws shown in Figs. 10(a), 11(a), 12(a), 13(a) and 
14(a). For each signal, results are compared to those of the HHT, 
the spectrogram, the WVD, the Smoothed Pseudo VWD (SPWVD), 
the scalogram, the Choi–Williams Distribution (CWD), the reas-
signed spectrogram and the reassigned SPWVD. Interested readers 
on TFRs can be referred to the sources [95–97] for more details.

Signal s1(t)

The signal, s1(t), is composed of two hyperbolic FM signals 
(Fig. 10(a)). The TFRs of the spectrogram, the scalogram, the 
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Fig. 8. Quadratic chip and its associated IF and THT.

WVD, the CWD, the SPWVD, the HHT and the THT are shown in 
Figs. 10(b)–(h). The seven TFRs identify the two frequency compo-
nents. However, only the THT and the HHT separates correctly the 
two hyperbolic FM signals. Even the CWD and the SPWVD per-
form better than the Spectrogram, the scalogram and the WVD 
in terms of separation, they show cross-terms along the mean of 
the two hyperbola (Figs. 10(e)–(f)) and with loss of resolution. For 
example, for the SPWVD the loss of resolution is visible in time 
between t = 850 and t = 900 and in frequency between f = 0.12
and f = 0.5 for first hyperbola and between f = 0.3 and f = 0.5
for second hyperbola. Note that the scalogram presents some inter-
ferences between the hyperbola and for t > 600 the two hyperbola 
are not separated. Comparing the THT and the HHT against the 
other TFRs, it is easy to see that for the THT and the HHT the two 
components are well localized with no cross-terms. For the second 
hyperbola there is no loss of TF resolution. For the first hyperbola 
there is loss of TF resolution between f = 0.24 and f = 0.5.

Signal s2(t)

The signal, s2(t), consists of four lines in the TF domain 
(Fig. 11(a)): two LFM and two tones. The TFRs of the spectro-
gram, the scalogram, the WVD, the CWD, the SPWVD, the HHT 
and the THT are shown in Figs. 11(b)–(h). Even if the spectro-
Fig. 9. Multi-component AM–FM signal and its associated IF and THT.

gram, the scalogram, the WVD, the SPWVD, the CWD identify the 
four components (Figs. 11(b)–(f)), the signal component localiza-
tion is coarse. The best result is given by the HHT and the THT 
(Figs. 11(g)–(h)): the four components are well identified and are 
much better localized, leading to nearly ideal TFR. Note that the 
second tone is more resolved in frequency by the THT than by the 
HHT.

Signal s3(t)

The signal, s3(t), is composed of a linear and hyperbolic FM 
signals, and two Gaussian atoms located at (t = 425, f = 0.05) and 
(t = 800, f = 0.15) respectively (Fig. 12(a)).

s3(t) = cos

(
α1

β − t

)
+ cos

(
α2

β − t

)
where α1 = 23.5, α1/α2 = 3, and β = 0.8. The TFRs of the spectro-
gram, the scalogram, the WVD, the CWD, the SPWVD, the HHT 
and the THT are shown in Figs. 12(b)–(h). The WVD identifies 
only two components and with many cross-terms (Fig. 12(d)). 
The spectrogram, the scalogram, the CWD and the SPWVD iden-
tify the four IF laws but the signal components localization is 
coarse (Figs. 12(b)–(c), (e)–(f)). Note that the spread in frequency is 
more important for the spectrogram (Fig. 12(b)) than for the other 
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Fig. 10. TFRs of signal s1(t).
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Fig. 11. TFRs of signal s2(t).
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Fig. 12. TFRs of signal s3(t).
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Fig. 13. TFRs of signal s4(t).
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Fig. 14. TFRs of signal s5(t).
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Fig. 15. Reassigned versions of the spectrogram (a) and the SPWVD (b) of signal s1(t). HHT (c). THT (d).
TFRs. Also, the spread in time is more important for the scalogram 
(Fig. 12(c)) than for the remaining TFRs. The HHT shows a spread 
in frequency for f > 0.15. For the THT the TF structures are clearly 
visible and globally highly concentrated with narrow spread in fre-
quency. However, the atom located at t = 425 is better identified 
by the CWD and the SPWVD than the THT and the HHT.

Signal s4(t)

The signal, s4(t), consists of five nonoverlapping tones of finite 
duration and a sinusoidal FM (Fig. 13(a)). The TFRs of the spec-
trogram, the scalogram, the WVD, the CWD, the SPWVD, the HHT 
and the THT are shown in Figs. 13(b)–(h). With the THT both the 
tones and the sinusoidal FM are much better identified and lo-
calized (Fig. 13(h)) than the remaining TFRs. Note that for the 
tones, except the THT, all the TFRs show a spread in frequency 
(Figs. 13(b)–(g)). For example the HHT presents a large spread in 
frequency, between f = 0.29 and f = 0.4. For the spectrogram, the 
scalogram, the CWD and the SPWVD the transitions between tones 
are smooth (Figs. 13(b)–(c), (e)–(f)).

Signal s5(t)

The signal, s5(t), consists of a Dirac impulse, two tones and a 
LFM of finite durations (Fig. 14(a)). The TFRs of the spectrogram, 
the scalogram, the WVD, the CWD, the SPWVD, the HHT and the 
THT are shown in Figs. 14(b)–(h). Fig. 14(h) shows that the THT 
gives the best result compared to other TFRs. The TFRs of the spec-
trogram, the scalogram, the WVD, the CWD and the SPWVD are 
hardly readable with loss in frequency resolution (Figs. 14(b)–(c), 
(e)–(f)) and particularly for the SPWVD (Fig. 14(f)) where the 
cross-terms are superposed on the signal components. For t > 100, 
we note a spread in frequency in the HHT. Note that the Dirac im-
pulse is better detected by the CWD than the other TFRs.

Post-processing: reassignment

We compare both the THT and the HHT to reassigned versions 
of the spectrogram and the SPWVD. The reassignment technique 
improves the readability of the TFRs and it is particularly effi-
cient where the SNR is high enough [98]. Note that the original 
idea of reassignment was introduced in order to improve the spec-
trogram. Since the THT and the HHT are data driven approaches, 
then the reassignment method has not been applied to these TFRs. 
Figs. 15(a) and 15(b) clearly show that compared to Figs. 10(b) and 
10(f) a great improvement has been achieved using the reassign-
ment scheme. We note the presence of some interferences along 
the mean (mid-way) of the two hyperbola. Although this improve-
ment, both reassigned spectrogram and SPWVD suffer from loss 
in time and frequency resolutions. The loss in time resolution is 
visible for t ≥ 850, while that in frequency is visible for f ≥ 0.1
and f ≥ 0.05 for the first and the second hyperbola respectively. 
The best result is given by the HHT (Fig. 15(c)) and more particu-
larly by the THT (Fig. 15(d)). Figs. 16(a) and 16(b) show that the 
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Fig. 16. Reassigned versions of the spectrogram (a) and the SPWVD (b) of signal s2(t). HHT (c). THT (d).
components of s2(t) are well localized and concentrated after re-
assignment but the second tone localized at f = 0.25 (Fig. 11(a)) 
is transformed into a LFM signal with f ∈ [0.22, 0.27] for reas-
signed spectrogram and with f ∈ [0.24, 0.26] for reassigned SP-
WVD. Globally, the best result is given by the THT (Fig. 16(d)). 
Figs. 17(a) and 17(b) show a great improvement in the readability. 
The components of s3(t) are strongly concentrated and well local-
ized. Even, the THT performs less than the reassigned spectrogram 
and SPWVD (Figs. 17(a)–(b)), the resulting TF map (Fig. 17(d)) is 
more resolved and localized that of the HHT (Fig. 17(c)). As shown 
in Figs. 18(a) and 18(b), the reassignment improves the read-
ability of the components of s4(t) and particularly the frequency 
resolution. The best result is given for the sinusoidal FM com-
ponent. However, the nonoverlapping tones components are not 
well resolved (Figs. 18(a)–(b)) compared to the result of the THT 
(Fig. 18(d)). The sharp transitions between tones are not detected. 
In terms of localization and resolution, the best result is given by 
the THT. Note that for the reassigned SPWVD the presence of mis-
leading interferences, located at the first and at the last of the TF 
map, makes the interpretation difficult (Fig. 18(b)). Compared to 
Figs. 14(b) and 14(f), the reassignment has improved the readabil-
ity of the TF map of s5(t) (Figs. 19(a)–(b)) but the Dirac impulse 
component has been removed. Thus, the two reassigned methods 
identify only three components. Furthermore, the LFM component 
shows a loss of frequency for f ∈ [0.25, 0.29]. The second tone is 
well concentrated and localized on the TF map by the THT but 
the generated tone has an artificial segment for t ∈ [230, 250]. The 
first tone is better localized and resolved by the reassigned spec-
trogram and SPWVD than by the THT and the HHT. In terms of 
identification of the true number of TF components, localization 
and resolution, the THT preforms slightly better than the HHT and 
the two reassigned methods.

6. Remarks

The following set of conclusions could be drawn from the pre-
sented results of the THT as a TFR:

• The presented results show the interest and the effectiveness 
of THT as a TFR. This TFR is cross-terms free and does not 
suffer from the trade-off between time frequency resolution 
and cross-terms suppression.

• In reasonable SNR environment, the THT could serve as an at-
tractive TFR for nonstationary signals analysis. More precisely, 
the THT is solution of choice when we have no informations 
on the number of components of the signal to be analyzed or 
when the IF laws are unknown.

• Based on the EMD, the THT as a data-driven TFR is well ded-
icated for nonstationary signals and thus, it is suitable for a 
large range of domains and applications.

• Based on the DESA, which in turn is based on TK, the THT 
takes advantage of the excellent time resolution of ESA which 
is very useful for TF analysis. The TK conveys precious local in-
formation about the instantaneous behavior, over the time, of 



A.O. Boudraa, F. Salzenstein / Digital Signal Processing 78 (2018) 338–375 357
Fig. 17. Reassigned versions of the spectrogram (a) and the SPWVD (b) of signal s3(t). HHT (c). THT (d).
a signal. However, based on signal differentiation, TK operator 
is sensitive to noise and thus, the THT fails to provide a good 
TFR of practical interest. The readability of the TFR is ham-
pered. Thus, in low SNR to have smoother estimates of noisy 
signal time-derivatives can be fitted with smooth splines, Ga-
bor filter, or SG filter. However, the performances of the THT 
depend of the choice of the parameters of these filters. Since 
the parameters are data dependent, the automatic selection of 
such parameters for each noisy signal is still an open prob-
lem.

• The performance and efficiency of the THT are conditioned 
by the sifting process which is the core of the EMD. More 
precisely, for very noisy signals, irrelevant modes can be gen-
erated and thus the THT fails to give an optimal TFR of 
these signals. One may ensure that all the irrelevant modes 
that do not contain any meaningful information are ex-
cluded from the signal analysis. Thus, relevant modes must 
first be identified before applying the DESA. The selection 
of the relevant modes is done on the basis of correlation 
values measured between the modes and the input sig-
nal. Since the modes are supposed to be more or less or-
thogonal components of the input signal, each mode would 
have a relatively good correlation with the input signal. 
Hence, the irrelevant components are less correlated with 
the input signal. Consequently, we keep only the relevant 
modes that have high correlation values with the input sig-
nal.
7. Cross Teager–Kaiser energy operators

TK operator is an energy tracking method and is also used to 
quantify the interaction between two signals. More precisely, to 
measure the interaction between two real signals x(t) and y(t), in 
term of coupling energy, a second energy-like function called cross 
TK (CTK) energy operator has been introduced [99]:

�(x(t), y(t)) = ẋ(t) ẏ(t) − x(t) ÿ(t) = L[x(t), ẏ(t)] (60)

where L[x(t), y(t)] is the Lie bracket that quantifies the instanta-
neous differences in the relative changes between x(t) and y(t)
[100]. This energy-like quantity is interesting to measure the out-
put of L[x(t) + y(t), ̇x(t) + ẏ(t)], for example, for transients de-
tection, where x(t) is an AM–FM signal and y(t) is a transient 
[101]. If x(t) and y(t) represents displacements in some mo-
tion, the quantity �(x(t), y(t)) or �(y(t), x(t)) has a dimension 
of energy (per unit mass). For y(t) = ẋ(t), L[x(t), y(t)] is reduced 
to the continuous-time TK energy operator �c [x(t)] = �R(x(t)). 
In general the CTK operator is not commutative, �(x(t), y(t)) �=
�(y(t), x(t)).

To deal with complex-valued signals, � operator has been ex-
tended in [102], leading to a new one, denoted by �C and defined 
by:

�C(x(t), y(t)) = 0.5[ẋ�(t) ẏ(t) + ẋ(t) ẏ�(t)]
− 0.5[x(t) ÿ�(t) + ẍ�(t)y(t)] (61)
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Fig. 18. Reassigned versions of the spectrogram (a) and the SPWVD (b) of signal s4(t). HHT (c). THT (d).
where .� denotes complex conjugation, and x(t) and y(t) are 
two complex-valued signals. If x(t) = y(t), it is easy to show 
that the definition proposed in [103] holds, �C(x(t)) = ẋ(t)ẋ�(t) −
0.5[x(t)ẍ�(t) + x�(t)ẍ(t)]. A simple way to have a symmetric oper-
ator, �B(x(t), y(t)), is to take the average of �C(x(t), y(t)) and its 
reverse �C(y(t), x(t)) [102]:

�B(x(t), y(t)) = 0.5[�C(x(t), y(t)) + �C(y(t), x(t))] (62)

7.1. Quadratic superposition principle

The �B operator is bilinear symmetric operator on the vectorial 
space of complex signals defined on R. In other words we have

�B(x, y) = �B(y, x) (63)

�B(x1 + x2, y) = �B(x1, y) + �B(x2, y) (64)

∀a,b ∈R �B(ax,by) = ab�B(x, y). (65)

According to (65), �B operator of two signals is proportional to 
that of their scaled versions. This implies that �B is robust to am-
plitude scaling. Equations (63)–(65) are clearly desirable properties 
for a cross-energy operator. As a direct consequence, we have for 
K ∈ N and (ck)1,K ∈R

k:

�B(

K∑
ckxk) =

K∑
ckcl�B(xk, xl). (66)
k=1 k,l=1
In relation (66), the K terms �B(xk) measure signals xk energy 
while the K (K − 1) cross terms measure the interaction between 
the different components. According to (66), �B operator of an 
K -component signal consists of K signal terms and K (K − 1) �B

cross terms. These terms measure the interaction between the dif-
ferent components of the signal.

Proposition 1. The nth time derivative of �B(x, y) is given by:

[�B(x, y)](n) =
n∑

k=0

Ck
n�B(x(k), y(n−k)). (67)

Proof. See [101]. �
Proposition 2. The output of �B operator acting on bandpass filtered 
signals u(t) = x(t) ∗ g(t) and v(t) = y(t) ∗ h(t) is given by

�B(g ∗ x,h ∗ y) = 1

2
[(g(1) ∗ x)�(h(1) ∗ y) + (g(1) ∗ x)(h(1) ∗ y)�]

− 1

4
[(g ∗ x)(h(2) ∗ y)� + (g ∗ x)�(h(2) ∗ y)

+ (h ∗ y)(g(2) ∗ x)� + (h ∗ y)�(g(2) ∗ x))] (68)

where g(t) and h(t) are the impulse responses of the bandpass filters 
used and � stands for conjugate.
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Fig. 19. Reassigned versions of the spectrogram (a) and the SPWVD (b) of signal s5(t). HHT (c). THT (d).
Proof. See [101]. The interest of equation (68) is that applying di-
rectly derivation operators on the filters rather than on the signals 
themselves avoids one-sample discrete-time approximations of the 
derivatives which are, in general, sensitive to noise. �
Proposition 3. Let x(t) and y(t) be two complex-valued signals. �B op-
erator is related to Lie bracket by

�B(x(t), y(t)) = 1

4

(
L[x(t), ẏ�(t)] + L[x�(t), ẏ(t)]

+ L[y(t), ẋ�(t)] + L[y�(t), ẋ(t)]
)

(69)

Proof. See [101].
It easy to show that the �B operator output of two complex 

signals is equal of the sum of cross-energy of their real and imag-
inary parts [102]:

�B(x(t), y(t)) = �B(xr(t), yr(t)) + �B(xi(t), yi(t)) (70)

where x(t) = xr(t) + jxi(t) and y(t) = yr(t) + jyi(t). According to 
(70) the function �B(x(t), y(t)) is a real quantity, as expected for 
an energy operator. A complex version of TK energy operator has 
been introduced in [104]:

�C(x(t)) = ‖ẋ(t)‖2 − �[x(t)� ẍ(t)] (71)
Another extension has been developed in [103]:

�C(x(t)) = �R(xr(t)) + �R(xi(t)) (72)

If x(t) = y(t) and substituting x(t) in (72) and (71), it can eas-
ily be shown that (70) holds for both extensions of [104] and 
that of [103]. Since its introduction, the �B operator has found, in 
the time domain, different applications such as time series analy-
sis [105], gene time series expression data clustering [106], wave 
equation [107], medical imaging [108], signals detection [32,101,
109,110], time-delay [111] or white-light scanning interferometry 
[112].

As for the cross correlation (CC), the averaged �B interaction 
energy has been defined in [32] for finite energy signals. The as-
sociated average coupling, EB xy(τ ), between x(t) and the delayed 
signal y(t − τ ) is given by

EB xy(τ ) = lim
T →∞

1

2T

T∫
−T

�B[x(t), y(t − τ )] dt (73)

Let Rxy(t, τ ) be the instantaneous CC of x(t) and y(t):

Rxy(t, τ ) = x(t + τ

2
).y�(t − τ

2
) � (74)

Proposition 4. Let x(t) and y(t) be two complex-valued signals. �B op-
erator is linked to Rxy(t, τ ) by
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�B(x(t), y(t)) = −∂2 Rxy(t, τ )

∂τ 2

∣∣∣∣
τ=0

−∂2 R�
xy(t, τ )

∂τ 2

∣∣∣∣
τ=0

(75)

Proof. See [102].
Examination of Eq. (75) shows that �B operator is a cross-

energy function of two signals. Thus, links to transforms using the 
concept of instantaneous CC, such as WVD, short-time FT or ambi-
guity function can be established [42,102,113]. These TFRs which 
are fundamentally similar and their application domains quite dif-
ferent, are related to �B . These links show that �B operator can 
be useful for nonstationary signals analysis. �
Proposition 5. Let x(t) and y(t) be two complex-valued signals and 
W xy(t, f ) their cross WVD.4 �B operator is related to W xy(t, f ) by

�B(x(t), y(t)) = 4π2
∫

f 2(W xy(t, f ) + W �
xy(t, f ))df (76)

Proof. See [102].
If x(t) = y(t), equation (76) shows that �B operator can be used 

to estimate the second order moment in frequency, 〈 f 2〉t , of an FM 
signal, which is a useful feature for signal classification [113]. �
Proposition 6. For an FM signal y(t) = e2 jπφ(t) , the second order mo-
ment in frequency of y(t) is given by

〈 f 2〉t = �B(y(t), y(t))

8π2 | y(t) |2 (77)

Proof. Using Proposition 3 and the relation (78) we derive the re-
lation (77).

〈 f 2〉t =

∫
ν2W yy(t, f )df∫

W yy(t, f )df
=

∫
ν2W yy(t, f )df

| y(t) |2 (78)

For simulation purpose, we generate a constant amplitude (A =
20) linear FM signal of the form

y(t) = A.exp(2 jπφ(t)) + n(t) (79)

where φ(t) = αt2 + βt + γ and n(t) is a complex Gaussian white 
noise with parameters (α = −2.5, β = 3, γ = 20). The SNR is set 
to 25 dB. For noisy signals, traditional Euler derivatives are useless. 
A better option is to use derivative filters such as SG differentia-
tion filter [114]. The SG filter uses a polynomial fit across a moving 
window that preserves higher order moments of the signal. Deriva-
tion of the operator �B(y(t), y(t)) (Eq. (77)) are calculated using 
a three-order SG filter and 127 point window. The noisy signal is 
presented in Fig. 20(b) and the moment 〈 f 2〉t of its noisy-free ver-
sion is given by Fig. 20(a). Fig. 20(c) shows that the moment is 
well extracted and match well the original one (Fig. 20(a)). �
7.2. Dynamic signal and �B energy operator

An interesting link showing the interest of both TK and �B

operators in TF analysis is the connection to the dynamic sig-
nal [42]. The dynamic signal introduced by Poletti [115] describes 
the rate of the log-magnitude and phase of an AM–FM signal 
x(t) = a(t)ejφ(t) , where the IF is given by

f i(t) = 1

2π
φ̇(t) (80)

4 All integrals are from −∞ to +∞ unless otherwise stated.
The dynamic signal is defined by [115]

β(t) = d

dt
log x(t) = ȧ(t)

a(t)
+ jφ̇(t) (81)

and the instantaneous bandwidth is given by

ib(t) =
∣∣∣∣ ȧ(t)

a(t)

∣∣∣∣ (82)

If one substitutes x(t) in equation (62), then we get

�B(x(t), x(t)) = −| x(t) |2
2

[
(β�(t)−β(t))2 +(β̇�(t)+ β̇(t))

]
(83)

which shows that �B operator can be written in terms of dynamic 
signal.

Proposition 7. The IF of an FM signal x(t) = Ae2 jπφ(t) (A = constant)
is given by

fi(t) =
√

�B(x(t), x(t))

2π A
√

2
(84)

Proof. Equation (83) can also be written as [42].

�B(x(t), x(t)) =| x(t) |2
[

8π2 f 2
i (t) + ib2(t) − ä(t)

a(t)

]
(85)

Putting equation (82) in (85) and using the fact that a(t) is con-
stant, we get relation (84). Equation (84) is a simple way to esti-
mate the IF of a FM signal without involving integral transform and 
with no a priori knowledge about the phase φ(t) of the signal [42]. 
Furthermore, relations (83) and (85) show that �B operator con-
veys precious local information about the instantaneous behavior, 
over the time, of a signal [42]. We illustrate the relation (84), by 
estimation of the IF of noisy polynomial phase signal (PPS) given 
by

x(t) = A exp

(
j

4∑
k=0

aktk
)

+ n(t) (86)

where n(t) is a complex Gaussian white noise. The SNR is set 
20 dB. P is the order of the polynomial and ak are the correspond-
ing coefficients. A fourth-order PPS with parameters (A = 1.5, 
a0 = 1.2, a1 = 11, a2 = 12, a3 = −4, a4 = −3) is used for the il-
lustration. Derivatives are calculated with 5th order SG filter and 
69 points window. IF law calculated by �B operator (Fig. 21(c)) is 
very close to the true law (Fig. 21(a)) with little oscillations at-
tributed to noise (Fig. 21(c)). A review on estimation IF using PPs 
signals can be found [116–118]. �
7.3. Hermitian extension of �B energy operator

To highlight more the interest of the �B operator in frequency 
analysis, an hermitian extension noted �H has been introduced 
[119]. This compact expression contains all the information in �B

and hermitian structure makes �H quite natural for handling com-
plex signals. The operator �H is given by

�H[x(t), y(t)] = ẋ(t) ẏ�(t) − 0.5[x(t) ÿ�(t) + ẍ(t)y�(t)] (87)

It is easy to see that �H[x(t), y(t)] = ��
H[y(t), x(t)] and �B[x(t),

y(t)] = Re{�H[x(t), y(t)]}. �H operator quantifies the strength of 
coupling or interaction between x(t) and y(t). As for the �B op-
erator [32], the averaged �H interaction energy for finite energy 
signals is defined as follows:
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Fig. 20. Moment of LFM signal. (a) True 〈 f 2〉t . (b) Noisy signal. (c) 〈 f 2〉t estimated by �B operator.
EH xy(τ ) = lim
T →∞

1

2T

T∫
−T

�H[x(t), y(t − τ )] dt (88)

Let Sxy( f ) and Rxy(τ ) denote respectively the cross-spectrum den-
sity of x(t) and y(t), and the CC between x(t) and y(t). Using 
the Wiener–Khintchine theorem, Sxy(τ ) is defined by Sxy( f ) =
F [Rxy(τ )] where F is the FT.

Proposition 8. Up to constant factor 8π2 , EH xy(τ ) is the second order 
power moment of Sxy( f ):

Sxy( f ) = (8π2 f 2)−1F[EH xy(τ )] (89)

Proof. See [119].
The relation (89) suggests the use of EH xy(τ ) for cross-power 

spectral density estimation [119]. This relation allows also to cal-
culate the spectral coherence function between two stationary sig-
nals defined as follows [119]:
γ H
xy( f ) =

∣∣F[EH xy]( f )
∣∣√

F[EH xx]( f ).
√
F[EH yy]( f )

(90)

Since (γ H
xy( f ))2 ≤ 1, 

∣∣F [EH xy]( f )
∣∣2 ≤ F [EH xx]( f ).F [EH yy]( f ). 

Note that when F [EH xy]( f ) is equal to zero, x(t) and y(t) are un-
correlated at frequency f . At the opposite if F [EH xy]( f ) is equal 
to 1, x(t) and y(t) are fully correlated [119]. We show in Fig. 22
the efficiency of γ H

xy to quantify similarity between an AM–FM sig-
nal x(t) and its noisy version y(t) in the frequency domain. The 
signal x(t) is given by

x(t) = (1 + κ cos(ωat))e jφ(t)

φ(t) = (ωct + ωm

t∫
0

sin(ωqτ )dτ )

y(t) = x(t) + n(t) (91)

where κ is the AM modulation index, ωc is the carrier frequency, 
ωm is the maximum frequency deviation, ωq is the frequency of 
the modulating signal and n(t) is an additive white Gaussian noise. 
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Fig. 21. IF estimate of a fourth-order PPS signal. (a) True IF. (b) Noisy signal. (c) IF estimated using �B operator.
The SNR is set to 0 dB. Parameters of x(t) are κ = 0.72, ωq =
0.66, ωa = 0.66, ωc = 1.63 and ωm = 0.94. To detect the pres-
ence of x(t) in y(t) spectral coherence given by equation (90) is 
used. The estimated γ H

xy( f ) is averaged over 15 realizations. Fig. 22

shows that in spite of very low SNR, γ H
xy( f ) catches well the spec-

tral peaks of x(t). �
8. Higher order Teager–Kaiser energy operators

Limited to the second order time derivative, TK energy opera-
tor has been extended to higher order derivatives and the asso-
ciated demodulation algorithms developed. Different extensions of 
the higher order energy measurements for mono and multidimen-
sional signals have been introduced. These operators have been 
unified into a class of higher order energy operators using direc-
tional derivatives [120].

8.1. 1D case

The higher order generalization of TK energy operator called 
k-order differential energy operator (DEO) �k has been introduced 
by Maragos and Potamianos [100]:
 Fig. 22. Coherence measure between two AM–FM signals using γ H

xy( f ).
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�k [x(t)] = x(1)(t)x(k−1)(t) − x(0)(t)x(k)(t) (92)

A continuous and discrete two-dimensional version of �k has been 
proposed in [121]. This class of operators is also useful for demod-
ulating AM–FM signals, and even helpful to separate multi-band 
components [122,123]. The case k = 2 yields the second-order 
DEO. A more general extension of these operators called higher en-
ergy operators (HEO) and denoted by �p,q,m,l[x(t)] has been devel-
oped [124]. Actually, �k corresponds to only one operator of order 
k, while �Hk = �p,q,m,l is a set of operators of order k. The HEO 
is based on the four partial pth, qth, mth, and lth derivatives of a 
signal, x(t), satisfying the condition p + q = m + l, (p, q) �= (m, l), 
and defined as follows:

�p,q,m,l [x(t)] = x(p)(t)x(q)(t) − x(m)(t)x(l)(t) (93)

For the derivative order combinations (p = 1, q = k − 1, m = 0, 
l = k) and (p = 1, q = 1, m = 0, l = 2), the HEO is reduced to 
the DEO and TK energy operator [3] respectively. To simplify and 
differentiate this operator from �k[x(t)], we denote it �Hk [x(t)]
leading to a choice of multiple values of the integers p, q, m, l for a 
given order k. In the same way as the ESA, these operators yield to 
an AM–FM signal demodulation. Let x(t) be a local AM–FM given 
by x(t) = a(t) cos(ω(t)t + α). It is possible to extract its amplitude 
envelope | a(t) | and IF ω(t), provided that a(t) and ω(t) do not 
vary too fast (rate of change) or too greatly (range of value) with 
time compared to the carrier frequency of x(t):

ω2(t) � �Hk,p,m [ẋ(t)]
�Hk,p,m [x(t)] (94)

a2(t) �
�2

Hk,p,m
[x(t)]

�H2k [x(t)]
(95)

Given k = p + q = m + l, we have proofed in [124], the neces-
sary condition that both p and m cannot be simultaneously odd 
or even. As concerns the discrete counterpart of the DEO operator 
�k , authors in [100] have proposed the following one:

�d
k,m[x(n)] = x(n)x(n + k) − x(n − m)x(n + m + k) (96)

where the values k = 0 and m = 1 correspond to the discrete TK 
energy operator. Let give � = ωTs , Ts being the sampling pe-
riod. Considering the approximation sin (�) � �, which is valuable 
when the carrier frequency is much smaller than f s , an estimation 
of envelopes and IFs by �d

k,m is given by the relations (97) and 
(98):

�̂2 = �d
k,m[x1(n)]

�d
k,m[x(n)] (97)

Â =
√

�d
k,m[x(n)]

sin(m�) sin((m + k)�)
(98)

where x1(n) = x(n) − x(n − 1). In particular, we have shown in 
[125] the robustness of �d

k,m to process sub-sampled interferomet-
ric data. As a discrete counterpart of the HEO operator �Hk,p,m , 
authors in [124] have proposed the following one:

�d
Hk,p,m

[x(n)] = (−1)k 1

2
[x(n + p)x(n + q) + x(n − p)x(n − q)

− (x(n + m)x(n + l) + x(n − m)x(n − l))] (99)

In the same way as �d
k,m , IA and IF are given by the relations (100)

and (101):
Fig. 23. Interferometric signal (a), a profile along the optical axis (b) and the refer-
ence surface shape (c).

�̂2 =
�d

Hk,p,m
[x1(n)]

�d
Hk,p,m

[x(n)] (100)

Â =

√√√√ �d
Hk,p,m

[x(n)]
sin((m − p)�) sin((m + p − k)�)

(101)

We show the effectiveness of these operators on interferometric 
data. Fig. 23(a) represents a real signal, derived by an interference 
microscopy system [126], corresponding to a sequence of scanned 
images of a slanted step of silicon, along the x-depth/rows axis. 
The peak of the fringe envelope along the vertical axis provides 
the air/layer surface. The sampling periods equals Ts = 10 nm. 
The grey levels along the vertical axis correspond to an AM sig-
nal x(t) as shown in Fig. 23(b). An average wavelength of 640 nm 
in a such system corresponds to a vertical oriented modulated fre-
quency ν0 = 1

320 nm−1. Different signal processing techniques used 
in coherence probe microscopy i.e., white light scanning interfer-
ence microscopy, for measurement of surface roughness have been 
proposed in [127]. Most of the methods are based on the AM de-
modulation along the optical axis of an interference microscope. 
Profile given by Fig. 23(c) may be seen as ground truth. Results of 
demodulation by �Hd

k,p,m
and �d

k,m are shown in Figs. 24 and 25

respectively.

9. Multidimensional Teager–Kaiser energy operators

Since textures are present in many real images, detection and 
analysis of textured regions in image is an important research topic 
in computer vision. It has been shown that 2D AM–FM signal mod-
els well texture images [128]. Thus, AM–FM demodulation meth-
ods based on the multidimensional TK operators and their higher 
order are well suited for image texture modeling since they pro-
vide simple and effective way to estimate the model parameters, 
amplitude and instantaneous frequencies [104,120]. The attractive 
features of multidimensional TK operators and their higher or-
der are their simplicity and ability to track instantaneously-varying 
spatial5 modulation patterns.

For 2D signal, I(m, n), a 2D non-linear filter (or 2D TK operator) 
can be obtained by applying the filtering of equation (3) along the 

5 Argument “spatial” applies not only to images but arbitrary signals.
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Fig. 24. Envelope detection of real signal by �Hd
k,p,m

. (a) �Hd
4,2,3

, (b) �Hd
4,3,4

, (c) 
�Hd

2,2,1
.

Fig. 25. Envelope detection of real signal by �d
k,m . (a) �d

0,1, (b) �d
2,1.

vertical and horizontal directions resulting in 2D TK operator is 
given by

y(m,n) = 2I2(m,n) − I(m − 1,n)I(m + 1,n)

− I(m,n − 1)I(m,n + 1) (102)

where m, n ∈ N. Other extensions of equation (3), using for exam-
ple filtering along diagonal directions, can be carried out [35,129]. 
It can be shown similarly, as in equation (21), that this non-linear 
2D filter (Eq. (102)) can be approximated as

y(m,n) = (local-mean) × (4I(m,n) − I(m,n − 1)

− I(m,n + 1) − I(m + 1,n) − I(m − 1,n)) (103)

Equation (103) shows that 2D TK operator works as local-mean-
weighted 2D bandpass filter [35]. This is an interesting property 
because according to Weber’s law the just noticeable difference of 
brightness of human vision system is proportional to the average 
intensity of the surrounding pixels. Thus, the local-mean adaptive 
nature of the 2D TK operator explains why it works well in image 
contrast enhancement compared to conventional unsharp masking 
based only on 2D high pass filters [35,129–131]. In other words, 
the operator yields results matching the characteristics of the hu-
man visual system. The contrast enhancement based on TK (TKCE) 
is illustrated on a X-Ray image and the obtained results compared 
to the histogram equalization (HE) and to the edge based contrast 
enhancement (ECE) approach. Fig. 26(a) shows an X-ray hand im-
age. As expected, the HE leads to oversaturation of most parts 
Fig. 26. Contrast enhancement of X-ray hand image.

of the image with less artefacts (Fig. 26(b)). The ECE performs 
better that the HE in terms of enhancing hand anatomical struc-
tures (Carpals, Metacarpals, Phalanges, and Proximal Phalanges), 
and outlook but with artifacts in the background due to noise am-
plification (Fig. 26(c)). The best result is given by the TKCE without 
noise amplification or saturation (Fig. 26(d)). Note that all struc-
tures and particularly small ones such as Distal Phalanges are well 
evidenced by the TKCE [131].

9.1. 2D case

TK operator has been extended to signals of higher dimensions, 
rendering it applicable to real-valued grayscale images. In [132], 
TK operator and the phase congruency local energy are unified in 
a single equation for both 1D and 2D. This class of operators has 
shown promising results of estimating orientation in 2D fringe pat-
terns. Let I(x, y) be a continuous image and I(k, l) is its discrete 
version. The output of the 2D TK operator is given by

φ2 [I(x, y)] =|| ∇ I(x, y) ||2 −I(x, y) · ∇2 [I(x, y)] (104)

where

∇(I(x, y)) =
(

∂ I(x, y)

∂x
,
∂ I(x, y)

∂ y

)
(105)

Textured or wideband images in general characterized by non-
smooth structures, are more accurately represented by a multicom-
ponent AM–FM image model
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I(x, y) =
K∑

k=1

ak(x, y) cos(ξk(x, y)) (106)

In this decomposition, for each of K narrowband components the 
amplitude modulating signal ak(x, y) conveys local image contrast 
information, while local image structure properties, such as edges, 
scale and orientation can conveyed by the frequency modulation 
vector ∇ξk(x, y) where ξk(x, y) denotes the instantaneous phase 
component [47,104]. Since image demodulation based on relation 
(104) is limited to narrowband single component of (106), 2D TK 
operator is coupled with multiband filtering are follows [47]:

φ2 [I(x, y) ∗ g(x, y)]

=|| I(x, y) ∗ ∇ I(x, y) ||2
− (I(x, y) ∗ g(x, y)) · (I(x, y) ∗ ∇2 I(x, y)) (107)

where g(x, y) denote the impulse response of the filter. A com-
mon choice for g(x, y) is the 2D Gabor filter which provides an 
optimal joint TF uncertainty [133]. It has been reported in [134], 
that another choice is to regularize the derivatives of the opera-
tor with Gaussian kernels. Indeed, a Gaussian regularization is an 
optimal choice if nothing is known about the signal and its noise 
characteristics. Fig. 27(a) shows an example of a real sonar im-
age with complex shadow representing a man made object. This 
textured image is passed through a filter bank consisting of Ga-
bor filters with seven central frequencies and five rotations. The 
dominant component in terms of energy (2D TK energy) is shown 
in Fig. 27(b). The DCA method seeks, in Sonar image (Fig. 27(a)) 
which is multicomponent, pixelwise the channel associated to the 
component whose response retains the most prominent structure 
of the image. Compared to Fig. 27(a), the salient object corre-
sponding to the shadow of the manufactured object (mine) is well 
evidenced and its final extraction is obtained by running the C-
means algorithm with two classes. This example shows the interest 
of DCA combined with 2D TK operator to extract complex object 
from a textured image.

The 2D TK operator has been generalized to higher order k
[121,135,136] by

φk [I(x1, x2)] = ∇ [I (x1, x2)] · ∇k−1 [I (x1, x2)]

− I(x1, x2) · ∇k [I (x1, x2)] (108)

The discrete version of φ2 [I(x, y)], noted �2 [I(x, y)], is given by

�2
[

I(k, l)
] = {

2
[
I(k, l)

]2

− I(k − 1, l) I(k + 1, l) − I(k, l − 1) I(k, l + 1)
}

+2
[
I1(k, l) I2(k, l) − I(k, l) I12(k, l)

]
(109)

where I1(k, l) = 1
2 [I(k + 1, l) − I(k − 1, l)], I2(k, l) = 1

2 [I(k, l + 1) −
I(k, l − 1)], and I12(k, l) = 1

2 [I2(k + 1, l) − I2(k − 1, l)].
The first term between braces is the same as the 2D extended 

discrete version of TK operator while the second term represents 
the energy interaction between pixels x and y axes.

Let I(k, l) = a(k, l) cos(�1 k + �2 l) be a discrete AM–FM im-
age with a slowly varying AM component. Under realistic narrow-
band conditions, applying the discrete version of φk , where k ∈
{1, 2, 3, 4}, to I(k, l) yields the energy product of the squared IA 
and IF magnitude

�2 [I(k, l)] ≈ [a(k, l)]2 (sin(�1) + sin(�2))
2 (110)

�3 [I(k, l)] = 0 and �4 [I(k, l)] ≈ − [a(k, l)]2 (sin(�1) + sin(�2))
4

(111)
Fig. 27. Segmentation by DCA method. (a) Original Sonar image. (b) The dominant 
component i(x, y) of the real sonar image. (c) The segmentation result of image 
i(x, y).

�2 [Ii(k, l)]

≈ [a(k, l)]2 [sin(�i)]2 (sin(�1) + sin(�2))
2 ; ∀i = 1,2 (112)

�2 [I12(k, l)]

≈ [a(k, l)]2 [sin(�1)]2 [sin(�2)]2 (sin(�1) + sin(�2))
2 (113)

�4 [Ii(k, l)]

≈ − [a(k, l)]2 [sin(�i)]2 (sin(�1) + sin(�2))
4 ; ∀i = 1,2 (114)

�4 [I12(k, l)]

≈ − [a(k, l)]2 [sin(�1)]2 [sin(�2)]2 (sin(�1) + sin(�2))
4 (115)

Using relations (110), (111), (112), (113), (114) and (115), the DESA 
using higher order TK operator is given by [135,121]:

|â(k, l)| ≈
√

�2 [I1(k, l)] · �2 [I2(k, l)]

�2
[
I1
12(k, l) + I2

12(k, l)
]

|�̂1(k, l)| ≈ arc sin

√
�2 [I12(k, l)]

�2 [I2(k, l)]

|�̂2(k, l)| ≈ arc sin

√
�2 [I12(k, l)]

�2 [I1(k, l)]
(116)

where I1
12(k, l) = 1

2 [I12(k + 1, l) − I12(k − 1, l)], and I2
12(k, l) =

1
2 [I12(k, l + 1) − I12(k, l − 1)].

The added value of higher order of TK operator in term of de-
modulation is illustrated on 2D AM–FM image (Fig. 28) given by 
relation
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Fig. 28. (a) 3D plot of original AM–FM image. (b) Intensity of original AM–FM image.
I(m,n) = 0.5

[
1 + 0.5 cos

(
mπ

30
+ nπ

50

)]

× cos

[
mπ

3
+ nπ

5
+ 2 cos

(
mπ

30

)
cos

(
nπ

50
+ π

2

)]
where m, n ∈ {1, 2, . . . , 100}. Fig. 29 shows that qualitatively the 
amplitude envelope, the horizontal and vertical FM components 
are well estimated using the proposed demodulation method. Both 
the improvement in the estimation of the AM and the FM com-
ponents show the interest of the higher order of TK operator and 
the associated DESA for images demodulation. However, this de-
modulation is limited to narrow-band images. For multicompo-
nent images, sub-band decomposition into narrow-band images, 
using for example Gabor filterbank, is required [137]. Furthermore, 
a problem that emerges with 2D TK operator and its higher order 
extensions, is that the signal derivatives can only be approximated 
using discrete differentiation operations. Consequently, the two dif-
ferential operators entailed in the energy operator responses may 
give inaccurate amplitude and frequency estimates. To reduce the 
sensitivity to noise, a solution to this problem is, for example, to 
use a regularized versions of these operators [47].

9.2. nD case

We show the potential of the TK energy operator to analyze 
multi-dimensional signals. This case also includes both signals and 
images. To handle multi-dimensional signals, 2D extensions of TK 
energy operator have been developed [104,136,132]. Let consider a 
2D signal s(u). The operators denoted respectively by �B [104], 
�C [136] and �D [132] can be expressed by an energy tensor 
�t[s(u)] as follows:

�t[s(u)] = [∇s(u)][∇s(u)]T − s(u)Hs(u) =
(

�11 �12
�21 �22

)
where

u = (x, y), ∇s =
[

∂s

∂x

∂s

∂ y

]T

, H = ∇∇T

∇ and H denote respectively the gradient and the Hessian of s(u). 
We have the following relations:

�B [s(u)] = �11 + �22 = Trace[�t[s(u)]]
�C [s(u)] = �11 + �22 + �12 + �21 (117)

�D [s(u)] = �11 − �22 + j�12 + j�21
In [120,138], multi-dimensional approaches extending both the TK 
energy operator and kth and higher order DEO �Hk have been 
developed. Let u = (x1, x2, ...xn) be a nD vector, s(u) a multi-
dimensional signal and the symbol ‘⊗’ denoting the Kronecker 
product [139]. Higher order multi-dimensional TK energy opera-
tors are defined as follows:

�Hk,2p,2m [s(u)] = d2m+1s

du2m+1
⊗

(
d2l+1s

du2l+1

)T

− d2p s

du2p
⊗

(
d2qs

du2q

)T

(118)

where k = 2p + 2q = 2m + 1 + 2l + 1 for an even order tensor.

�Hk,2p,2m [s(u)] = d2m+1s

du2m+1
⊗

(
d2ls

du2l

)
− d2p s

du2p
⊗

(
d2q+1s

du2q+1

)
(119)

where k = 2p + 2q + 1 = 2m + 2l + 1 (m, l) �= (p, q) for an odd or-
der tensor. For an even order, the use of the transpose of a matrix 
is due to the construction and relative dimensions of the higher 
order gradients proposed in [120,138]. The tensors (118) and (119)
could be formally considered as a multi-dimensional generaliza-
tion of the TK energy operator and the HEO. Moreover, in [120]
the authors have derived a scalar function denoted by �k in the 
following way:

• For an even order operator:

�k[s(u)] =
(

vT
)⊗p+q

�Hk,2p,2m [s(u)]v⊗p+q

= ∂2m+1s

∂v2m+1

(
∂2l+1s

∂v2l+1

)T

− ∂2ps

∂v2p

(
∂2qs

∂v2q

)T

• For an odd order operator:

�k[s(u)] =
(

vT
)⊗p+q

�Hk,2p,2m [s(u)]v⊗p+q+1

= ∂2m+1s

∂v2m+1

(
∂2ls

∂v2l

)T

− ∂2p s

∂v2p

(
∂2q+1s

∂v2q+1

)T

where all directional derivatives are computing according to any 
nD vector v and v⊗N means the Kronecker power of v:

v⊗N = v ⊗ v ⊗ ... ⊗ v
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Fig. 29. (a) Original AM component. (b) Original horizontal FM component. (c) Original vertical FM component. Estimation of (d) AM, (e) Horizontal FM, (f) Vertical FM 
components.
The particular case of the second order operator yields the direc-
tional TK energy operator, which extends the 1D classical TK en-
ergy operator to the directional derivatives along any vector, which 
is denoted �2,v[s(u)]:

�2,v[s(u)] = vT �2[s(u)]v =
(

∂s

∂v
(u)

)2

− s(u)
∂2s

∂v2
(u) (120)

Hence, for a n-dimensional AM–FM signal defined by s(u) =
A(u) cos (φ(u)) it is possible to derive the IA A(u) and local fre-
quency ∇φ = w(u) according to the relation:
�2,v[s(u)] � A(u)2
(

∂φ

∂v
(u)

)2

= A(u)2
(

w(u)T v
)2

(121)

• Computation of the envelope:

A(u)2 �
∣∣∣�2

2,v[s(u)]
∣∣∣∣∣∣�2

2,v[ ∂s(u)
∂v ]

∣∣∣ =
∣∣∣�2

2,v[s(u)]
∣∣∣∣∣∣�2

4,v[s(u)]
∣∣∣ (122)

• Computation of the frequency vector: let us call w(j) =
(w( j)

1 , . . . , w( j)
n ) the set of components obtained by fixing 

the sign ε j = ±1 of a chosen component w j = ε j |w j |(�= 0). 
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sx j denotes the partial derivative according to x j . As proofed 
in [138], it is then possible to extract only one frequency vec-
tor or its opposite direction (i.e., modulo π ), fixing the sign of 
any non null component w j , in the following way:
1. Compute the quantities:

|w j| =
√

�2,v[sx j ]
�2,v[s] (123)

w j wk = �2,v[sx j + sxk ] − �2,v[sx j − sxk ]
4�2,v[s] (124)

2. Compute the jth component:

w( j)
j = ε jsign

(
w j w j

) |w j| = ε j|w j| (125)

3. Compute of the kth component, k ∈ {1, ..., n}:

w( j)
k = ε jsign

(
wk w j

) |wk| (126)

We have proposed an algorithm based on a directional derivative 
according to a the vector:

v(u) ∝ sign(w) = (sign(w1), sign(w2), . . . , sign(wn))
T

This choice allows us at each step, to compute the general term 
�2,v[s(u)] by summing all absolute values of the elements of the 
tensor �2[s(u)] [120]. We have represented in Figs. 32(a)–(e), a 3D 
Gabor wavelet corresponding to a carrier sinusoidal signal modu-
lated by a 3D Gaussian envelop. The frequency directional vectors 
related to the projections according to the three directions/axes 
X , Y and Z are illustrated in Figs. 32(b)–(f). The original and es-
timated envelopes are shown in Fig. 33, whereas the estimated 
frequency components are shown in Figs. 34(a)–(c). Figs. 30 and 31
illustrate the frequency component detection in a context of a 
noisy/free noise real data. Sonar images and fingerprint patterns 
(extracted from the database6) are represented in Figs. 30 and 31. 
Sonar images show ripples and ridges of sand where their orien-
tation and frequency oscillations are very useful information for 
sea-bed characterization. We have focused on the quantitative per-
formances of the operators related to the frequency components. 
A comparison between a 2D HT method [140], versus both 2D 
operators �B and �2,v , where v � signw, has been performed. Ta-
bles 1 and 2 summarize the quantitative results corresponding to 
the relative error rates between the frequency detection in the free 
noise context and the one in the noisy context. As reported in both 
Tables 1 and 2, and Figs. 30 and 31, the demodulation based on TK 
operators provide better results and are more faster than the 2D 
HT method.

9.3. Discrete 2nd order multidimensional Teager–Kaiser energy 
operator

In this subsection a new numerical discretization scheme of the 
second-order multi-dimensional TK operator �2,v is presented. We 
limit ourselves to 3D case. Let give a local discrete AM–FM signal 
s(i, j, k) = A(i, j, k) cos(�xi + �y j + �zk) where �x = ωxxe, �y =
ωy ye , �z = ωz ze . The variable xe (resp. ye and ze) represent the 
sampling period along the x-axis (resp. the y-axis and z-axis). The 
discrete counterpart of the operator �2,v denoted by �d

2,v applied 
to the signal s(u) is obtained in the same way, by summing the 
absolute values of the matrix elements, as follows:

�d
2,v[s(i, j,k)] = f (i, j,k) + g(i, j,k) (127)

6 http://bias .csr.unibo .it /fvc2000 /download .asp.
where f (i, j, k) corresponds to the 3D version of the discrete en-
ergy operator �B described in [104]:

f (i, j,k) = |s2(i, j,k) − s(i − 1, j,k)s(i + 1, j,k)|
+ |s2(i, j,k) − s(i, j − 1,k)s(i, j + 1,k)|
+ |s2(i, j,k) − s(i, j,k − 1)s(i, j,k + 1)|

and the function g(i, j, k) is written as

g(i, j,k) = 2|sx(i, j,k)sy(i, j,k) − s(i, j,k)sxy(i, j,k)|
+ 2|sx(i, j,k)sz(i, j,k) − s(i, j,k)sxz(i, j,k)|
+ 2|sz(i, j,k)sy(i, j,k) − s(i, j,k)syz(i, j,k)|

where sx(i, j, k), sy(i, j, k) and sz(i, j, k) represent the first order 
derivative along x (resp. y and z). sxy(i, j, k) represents the sec-
ond order derivative according to x and y (resp. sxz(i, j, k) and 
syz(i, j, k)). The first part of the Eq. (127) corresponds to the 3D 
version of the discrete energy operator �B described in [104]. The 
assumption that the amplitude A(i, j, k) is varying slower than the 
carrier signal cos(�xi + �y j + �zk) (locally constant), yields im-
mediately:

sx(i, j,k) = s(i + 1, j,k) − s(i − 1, j,k)

2
� −A(i, j,k) sin�x sin(�xi + �y j + �zk)

sy(i, j,k) = s(i, j + 1,k) − s(i, j − 1,k)

2
� −A(i, j,k) sin�y sin(�xi + �y j + �zk)

sz(i, j,k) = s(i, j,k + 1) − s(i, j,k − 1)

2
� −A(i, j,k) sin�z sin(�xi + �y j + �zk)

sxy(i, j,k) = sy(i + 1, j,k) − sy(i − 1, j,k)

2
� −A(i, j,k) sin�x sin�y cos(�xi + �y j + �zk)

sxz(i, j,k) = sz(i + 1, j,k) − sz(i − 1, j,k)

2
� −A(i, j,k) sin�x sin�z cos(�xi + �y j + �zk)

szy(i, j,k) = sy(i, j,k + 1) − sy(i, j,k − 1)

2
� −A(i, j,k) sin�z sin�y cos(�xi + �y j + �zk)

Applying the previous relations to the Eq. (127) yields immedi-
ately:

�d
2,v[s(i, j,k)] = A2(i, j,k) sin2 �x

+ A2(i, j,k) sin2 �y + A2(i, j,k) sin2 �z

+ 2|A2(i, j,k) sin�x sin�y|
+ 2|A2(i, j,k) sin�x sin�z|
+ 2|A2(i, j,k) sin�y sin�z|

= A2(i, j,k)(| sin�x| + | sin�y| + | sin�z|)2

(128)

Let recall the relation between the gradient of a function s(u) at 
a point u = (x1, x2, ..., xn) and its directional derivative along the 
vector v = (v1, v2, ..., vn)T :

∂s

∂v
(u) = ∂s

∂x1
(u) · v1 + ∂s

∂x2
(u) · v2 + ... + ∂s

∂xn
(u) · vn

= ds · v (129)

du

http://bias.csr.unibo.it/fvc2000/download.asp
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Fig. 30. Sonar image. (a) free noise original slice; (b) 15 dB noisy original image; (c) estimated envelope by �B ; (d) free noise estimated frequency by �B ; (e) 15 dB noisy 
estimated frequency by �B ; (f) estimated envelope by �2,v; (g) free noise estimated frequency by �2,v; (h) 15 dB (SNR) noisy estimated frequency by �2v; (i) estimated 
envelope by 2D HT; (j) free noise estimated frequency by 2D HT; (k) 15 dB (SNR) noisy estimated frequency by 2D HT.
Let now consider a directional derivative along a frequency vec-
tor v(u) ∝ sign(�) = (sign(�x), sign(�y), sign(�z))

T . Moreover, we 
suppose that the frequencies in the direction x, y and z verify:

|�x| ≤ π

2
; ∣∣�y

∣∣ ≤ π

2
; |�z| ≤ π

2
(130)

this means that i) the sign of the normalized frequency compo-
nents �x , �y and �z equal the sign of their sinusoids, ii) the 
sampling frequencies equal twice the Nyquist criterion along the 
x, y, z axes, and iii) there will be no ambiguity concerning the 
arcsin function. The previous assumptions yield:

�d
4,v[s(u)] = �d

2,v

[
∂s

∂v
(u)

]
= �2[sx(i, j,k)sign(�x) + sy(i, j,k)sign(�y)

+ sz(i, j,k)sign(�z)]
= A2(i, j,k)(| sin�x| + | sin�y| + | sin �z|)4 (131)
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Fig. 31. Fingerprints: (a) original image; (b) estimated frequency by �B ; (c) estimated frequency by �2v; (d) 15 dB (SNR) noisy image; (e) estimated frequency by �B ; 
(f) estimated frequency by �2,v; (g) estimated frequency by 2D HT (non noisy context); (h) estimated frequency by 2D HT (noisy context);.
Table 1
Global frequency error rates for 30 dB (SNR) noisy patterns.

Operators Sonar image Fingerprint

2D �2,sign(w) 8.2% 7.9%
2D �B 8.4% 9.1%
2D HT 11.4% 17.6%

Table 2
Global frequency error rates for 15 dB (SNR) noisy patterns.

Operators Sonar image Fingerprint

2D �2,sign(w) 27.8% 26.3%
2D �B 30.7% 31.1%
2D HT 38.6% 54.1%

Thus, relations (128) and (131) are helpful to provide an estima-
tion of the envelope. Note that using the relations (128) or (131), 
one can directly demodulate a local AM signal, provided that the 
factor | sin �x| + | sin �y | + | sin �z| equals one. According to this 
remark, there are particular values of (ωx, ωy, ωz) and (xe, ye, ze)

for which we expect more efficient demodulations of the enve-
lope. Finally, applying the transforms to the partial derivatives of 
an AM–FM signal leads to the following results:
�d
2,v[sx(i, j,k)]
= A2(i, j,k) sin2 �x(| sin �x| + | sin �y| + | sin�z|)2

�d
2,v[sy(i, j,k)]
= A2(i, j,k) sin2 �y(| sin �x| + | sin �y| + | sin�z|)2

�d
2,v[sz(i, j,k)]
= A2(i, j,k) sin2 �z(| sin �x| + | sin�y| + | sin �z|)2

�d
2,v[sx(i, j,k) ± sy(i, j,k)]
= A2(i, j,k) (sin�x ± sin�x)

2 (| sin�x| + | sin�y| + | sin�z|)2

�d
2,v[sx(i, j,k) ± sz(i, j,k)]
= A2(i, j,k) (sin�x ± sin�z)

2 (| sin�x| + | sin�y| + | sin�z|)2

�d
2,v[sz(i, j,k) ± sy(i, j,k)]
= A2(i, j,k)

(
sin�z ± sin�y

)2
(| sin�x| + | sin�y| + | sin�z|)2

Let again suppose the condition that the first frequency vector 
component is non null i.e., sin�x �= 0. It is then possible to use 
the algorithm related to the continuous operator �2,v previously 
described to the previous equations in order to provide a flexible 
way to detect the carrier frequencies and the envelope:
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Fig. 32. (a) YZ slice of the original 3D signal; (b) YZ slice of carrier and frequency 
vectors; (c) XZ slice of the original 3D signal; (d) XZ slice of carrier and frequency 
vectors; (e) XY slice of the original 3D signal; (f) XY slice of carrier and frequency 
vectors.

sin�x =
∣∣∣∣∣∣
√√√√�d

2,v[sx(i, j,k)]
�d

2,v[s(i, j,k)]

∣∣∣∣∣∣
sin�y = sign(sin�x sin�y)

√√√√�d
2,v[sy(i, j,k)]

�d
2,v[s(i, j,k)]

= sign

(
�d

2,v[sx + sy] − �d
2,v[sx − sy]

4�d
2,v[s(i, j,k)]

)

×
√√√√�d

2,v[sy(i, j,k)]
�d

2,v[s(i, j,k)]

sin�z = sign(sin�x sin�z)

√√√√�d
2,v[sz(i, j,k)]

�d
2,v[s(i, j,k)]

= sign

(
�d

2,v[sx + sz] − �d
2,v[sx − sz]

4�d
2,v[s(i, j,k)]

)

×
√

�d
2,v[sz(i, j,k)]
�2[s(i, j,k)]

|A(i, j,k)| =
√√√√�d

2,v[s(i, j,k)]2

�d
4,v[s(i, j,k)]
Fig. 33. (a) XY slice of the original envelope; (b) XY slice of the estimated envelope; 
(c) YZ slice of the original envelope; (d) YZ slice of the estimated envelope; (e) XZ 
slice of the original envelope; (f) XZ slice of the estimated envelope.

Fig. 34. (a) XY slice of the original signal and estimated frequency vectors; (b) YZ 
slice of the original signal and estimated frequency vectors; (c) XZ slice of the orig-
inal signal and estimated frequency vectors.
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According to the condition (130), it is then possible to extract only 
one frequency vector or its opposite direction (i.e., modulo π ), fix-
ing the sign of any non null component.

10. Discussion

The theory behind the TK energy operator and its different 
extensions as tools for time, space, frequency and TF analysis of 
signals, and for estimation of envelope and phase for images is 
presented. This class of operators is illustrated on simulated and 
real data and the obtained results show the interest and the po-
tential of these methods for signals and images analysis. TK opera-
tors are able of responding very quickly to changes and frequency 
of the signal/image. The operators offer excellent time resolution 
because only three samples are required for the energy computa-
tion at each instant, so it has good adaptability to instantaneous 
changes in the signal. The response of the TK operator is nearly in-
stantaneous and this operator can be easily implemented in DSP 
processors, due to its low computation cost and extremely low re-
quirements of memory storage. The link between the TK operator 
and the dynamic signal provides a simple way to estimate the IF 
of an FM signal with no prior knowledge on the phase of this sig-
nal and with low computational cost compared, for example, to 
WVD-based method. The relation established between TK opera-
tor and the WVD, gives a simple method to estimate in efficient 
way the second order moment in frequency of an FM signal with 
a cost very small compared to that of the WVD. Due to its sen-
sitivity to instantaneous changes in frequency-dependent energy, 
the TK operator is efficient tool for transient and spike detection. 
This property of the TK as energy operator is due to its adaptive 
high pass filter nature and, this also explain its link to Volterra fil-
ters for signals and images. For images, 2D TK operator behaves 
as local-mean-weighted 2D bandpass filter and it is works well for 
image contrast enhancement. If images are accurately modeled us-
ing AM–FM, the TK energy operators class constitutes an efficient 
tool for images analysis (texture, sonar, X-ray, interferometry, . . . ). 
More precisely, AM–FM demodulation methods based on the mul-
tidimensional TK operators and their higher order are well suited 
for texture image modeling since they provide simple and effective 
way to estimate the model parameters, amplitude and instanta-
neous frequencies. The attractive features of multidimensional TK 
operators and their higher order are their simplicity and ability 
to track instantaneously-varying spatial modulation patterns. Based 
on the TK operators, ESA/DESA methods provide at each instant (or 
pixel location) estimates of the time-varying (spatial varying) IF 
and amplitude envelope of an AM–FM (2D AM–FM for image). The 
DESAs are very simple algorithms to implement with trivial com-
putation complexity. Based on the EMD, the THT is flexible enough 
to analyze nonstationary signals. Furthermore, the THT is a TFR 
free of interferences (see section 6).

The TK operators, particularly for demodulation purpose, are 
limited to narrow band signals/images. Thus, the amplitude and 
the frequency of the signal/image must not vary too fast (rate 
of change) or too greatly (range of value) with time/space com-
pared to carrier frequency. To take advantage of the TK operator 
capabilities and those of the associated demodulation methods, 
multicomponent signals must be filtered through a filter-bank. The 
selection of appropriate bandpass filters permits to isolate an in-
dividual AM–FM signal component from a multicomponent signal 
and to compute the TK operator energy. It is assumed that the 
filter outputs are well modeled by AM–FM signals. To handle mul-
ticomponent signals, a good strategy is to band pass filter the input 
signal, using for example a Gabor band-pass filtering, and apply 
the ESA/DESA to its narrowband components, assuming these filter 
outputs are well modeled by AM–FM signals. Gabor filters are cho-
sen for their optimum TF localization. A bandpass filter if it is not 
properly designed, can introduce distortions in the amplitude and 
phase of separated component via the ESA method. Overall, the 
performances of the ESA and DCA methods or TEOCEP and modu-
lations features extraction depend on the choice of the Gabor filter 
parameters. Another band-pass filter is the EMD which is a data 
driven filter, that, unlike the Gabor filter it does not require any 
a priori knowledge on the number of narrowband components to 
be extracted and their frequency parameters. However, the sifting 
processing of the EMD depends on the interpolation used to con-
struct the upper and lower envelopes of IMFs and on the sampling 
frequency of the signal to be analyzed.

The TK operator works well in moderate noisy environment, 
but performs poorly for noisy signals. Based on signal differen-
tiation, the TK operator is sensitive to noise. Thus, in low SNR 
environment the performances of IF and second order moment 
in frequency estimation, based on the TK operator, of an FM sig-
nal can be affected. Based on the TK operator, the ESA/DESA is 
also sensitive to noise. To reduce this sensitivity, continuous-time 
expansions of discrete-time signals to numerically implement the 
TK operator differentiations without approximation, is required. To 
have smoother estimates of noisy signal time-derivatives the sig-
nal can be fitted with smooth splines, Gabor filter or SG filter. The 
performances of the THT or IF and second order moment estimates 
are also conditioned by this filtering step (see section 6).

11. Conclusions

This paper provides a review of the TK energy operator and 
its extensions for signals and images analysis. Recent advances in 
this large class of the TK operators have also been presented. Pre-
sented results show that this class of operators are well adapted 
for nonstationary signals and images and thus, it is suitable for a 
large range of domains and applications. We show the importance 
of the concept of energy from the point of view of the generation 
process of the signal. Understanding the genesis of this operator 
from this perspective is key to explaining its behavior and its po-
tential as a tool for signals and images analysis in time, space and 
frequency domains. These operators possess simplicity, efficiency 
and good time-resolution, and are very useful for analyzing oscil-
lation signals with time-varying amplitude and frequency. Applied 
to AM–FM signals, these operators can approximately estimate the 
squared product of instantaneous amplitude and frequency signals. 
Irrespective of the order of the operator used, the output of the 
operators is proportional to the energy of the source or the system 
producing the oscillation. Using, the output of these operators, the 
envelope of signals with amplitude modulation and the IF of sig-
nals with frequency modulation can be estimated with an approx-
imation error bounded within a negligible range for locally narrow 
band signals. However, for demodulation purpose these operators 
are only efficient when applied on AM–FM signals of narrowband 
frequency content. For wideband signals, the use of filterbanks is 
inevitable. The salient property of these energy operators is their 
instantaneous behavior due to the derivatives of varying order of 
the signal, with respect to time, used. These operators work well 
in moderate noisy environment, but perform poorly for noisy sig-
nals. Based on signal differentiation, these operators are sensitive 
to noise. To reduce this sensitivity, continuous-time expansions 
of discrete-time signals using smooth basis functions to numeri-
cally implement the operator differentiations without approxima-
tion must used. For the Gabor filtering, the parameters of the filter 
must be adapted to the signal to be analyzed. Also, for Savitzky–
Golay filter, the polynomial order, used for the linear least-squares 
fitting, and the length of the moving window are data dependent 
parameters that must determined or tuned for best polynomial ap-
proximation. Another solution to reduce the sensitivity to noise is, 
for example, to use a regularized version of these operators. The 
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importance of the higher derivative order of the TK energy oper-
ator in terms of demodulation for 1D, 2D and multi-dimensional 
signals has been shown. The presented results highlight the in-
terest of higher order energies of the signals. However, up to now 
there is no clear strategy how to select the best order of the opera-
tor for given data or application. The selection of this order is still 
an open problem. Ideally, this order should be a data-driven pa-
rameter. As for 1D TK operator, a frequency analysis of the higher 
operators is required to have a clear picture of the characteristics 
of these operators for understanding their behavior in practice. 
Thus, it should be interesting to establish the link with higher 
Volterra filters as in 1D case. For example, establish the equivalents 
of relations (21) and (103) will be useful for their approximation in 
practice. Also, a stochastic analysis of these operators must be per-
formed to establish their main properties and to understand their 
behavior when applied to a large class of random signals. The com-
plex version of the TK operator is closely related to instantaneous 
cross-correlation and thus links to some transformations such as 
the WVD or ambiguity function show the potential of these op-
erators in TF. Most of the developed tools around the TK energy 
operators deal with real and complex-valued signals and some of 
them extended to multi-dimensional case. Due to their simplic-
ity and their instantaneous-adapting nature, the class of the TK 
energy operators offers valuable processing tools for time, space, 
frequency and TF analysis.
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